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Introduction générale

Ce mémoire présente une synthese de mes travaux de recherche. Il est composé de deux parties. Une
premiere partie sur I’étude des divergences entre mesures et 1'obtention des representations duales de
celles-ci. La deuxieme est consacrée a la présentation de notre contribution en statistique inférentielle
grace notamment a l'utilisation des divergences et de leurs représentations duales. Je décris brievement,
dans ce qui suit, le contenu de chacune des deux parties. Des perspectives de recherche sont présentées
a la fin des chapitres.

Partie 1 : Divergences entre mesures

Cette premiere partie est composée de deux chapitres. Le Chapitre 1 présente les résultats des articles
Keziou (2003a) et Broniatowski and Keziou (2006) sur les ¢-divergences entre deux mesures (une mesure
signée finie et une loi de probabilité). Soit ¢ : R + [0,+oc] une fonction convexe fermée vérifant
©(1) = 0 telle que son domaine domy, := {z € R t.q. p(x) < 0o} =: (ay,b,) soit un intervalle de R, avec
ay, < 1 < by. Soit (X,B) un espace mesurable. Pour toute loi de probabilité P et toute mesure signée
finie (m.s.f.) @ sur (X, B), la p-divergence, entre @ et P, est définie par

D@7 = [ ¢ (fp) ar).

si @ est absolument continue (a.c.) par rapport a P, et Dy(Q,P) = 400, sinon. Les ¢-divergences
ont été introduites par Csiszar (1963, 1967b) et Ali and Silvey (1966), appelées souvent, en théorie de
linformation, f-divergences. Les divergences bien connues de Kullback-Leibler (K L), Kullback-Leibler
modifiée (K L,,), x2, x* modifiée (x2,) et Hellinger (H) sont obtenues, respectivement, pour les fonctions
p(w) = wlogz—a+1, p(x) = —logw+z—1, p(z) = (1—12)/2, p(x) = (2—1)?/(2) et p(z) = 2 (V& —1)".
Soient F une classe quelconque de fonctions mesurables f : X — R, F; la classe de toutes les fonctions
mesurables bornées f : X — R, (F U JFp) Pespace vectoriel (e.v.) engendré par la classe de fonctions
F U Fp, et M le.v. des mesures signées finies sur (X, B). Considérons le sous-espace vectoriel de M,
Mzp:={Q e M tq. [,|f(®)dQ)|<oco,VfeF}. On munit Mz de la topologie 77 la moins fine
qui rend continues toutes les fonctions Q € Mr — [, f(z)dQ(x), Vf € (FUF). Nous avons obtenu
le résultat suivant.

Proposition 0.1. (Keziou (2003a) Proposition 2.1 ou Keziou (2003b) Chapitre 1). Mz muni de la
topologie Tx est un espace vectoriel topologique Hausdorff localement convexe. Son dual topologique est
lespace des applications {Q e Mz [} f(2)dQ(x); f e <.7:U]:b>}. De plus, pour toute loi de proba-
bilité P, les fonctions convezes Q € Mz — D,(Q, P) € [0,+00] sont semi-continues inférieurement par
rapport a la topologie Tr.

D’apres la proposition précédente, la transformée de Fenchel-Legendre (ou la conjuguée convexe) T'(+, P)
de Q@ € Mr — Dy(Q, P) est définie donc, sur le dual (F U F}), comme suit

Y€ (FUR). T(LP)= swp { / f(as)d@(sc)—m(@,m}.

La proposition précédente montre également que toutes les conditions du théoreme général de dualité de
Fenchel (c.f. e.g. Dembo and Zeitouni (1998)) sont vérifiées pour les fonctions convexes @ — D, (Q, P)
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sur ’e.v. Mr muni de la topologie 7. Nous avons obtenu ainsi la représentation duale suivante pour
les divergences.

Proposition 0.2. (Keziou (2003a) Proposition 2.2). Soit P une loi de probabilité. VQ € Mg, on a

Da(Q,P) = sup { / £(z) dQ(a T(.ﬂP)}- (0.1)

(FUFp)

La représentation duale précédente reste valable si ’espace vectoriel (F U Fp) est remplacé par une classe
de fonctions vérifiant certaines conditions, pour laquelle une forme explicite de la conjuguée convexe
T(f,P) a été obtenue.

Theorem 0.1. (Keziou (2003a) Théoréme 2.1). Supposons que ¢ soit strictement conveze et deuz fois
continiment dérivable sur lintérieur de son domaine lay,by[. Soient P une loi de probabilité et @ une
mesure signée finie telles que Dy,(Q, P) < co. Supposons que les trois conditions suivantes soient vérifiées
2 (1) [y 1f(@)]dQ(x)] < oo, Vf € F ; (ii) ¢'(dQ/dP) € F; (iii) ¢ (f(x)) est bien définie pour tout
x € X. Alors, la divergence D, (Q, P) admet la représentation duale suivante

D@ P =sw{ [ rwaew) - [ f@e™ )¢ (¢ Ga@)) arw}. 02

feF
De plus, le supremum est unique P-p.s. et est atteint en f = ¢'(dQ/dP).

Nous avons ensuite utilisé la représentation (0.2) pour résoudre le probleme de définition des esti-
mateurs plug-in des divergences et proposé de nouveaux estimateurs des parametres (dépendants de
la p-divergence utilisée), et des estimateurs des @-divergences, convergents, efficaces et adaptés aux
modeles considérés, dans un cadre paramétrique (discret ou non) (c.f. Keziou (2003b) Chapitre 1), semi-
paramétrique a deux échantillons (Keziou (2003b) Chapitre 2) ou non-paramétrique restreint par des
contraintes linéaires (Keziou (2003b) Chapitre 3). Dans l'article Broniatowski and Keziou (2006), nous
avons considéré le probleme de minimisation des divergences entre une loi de probabilité donnée P et des
sous-ensembles  de 'e.v. M r, des mesures signées finies qui integrent tous les éléments d’une classe
donnée F de fonctions, bornées ou non bornées. L’espace Mz est muni de la topologie faible 7. Nous
avons dans cet article traité les problemes d’existence et de caractérisation des projections de P sur des
ensembles de mesures 2. Nous avons également considéré le probleme de I’égalité duale lorsque I’ensemble
) est défini par des contraintes linéaires. De nouvelles versions des représentations duales (0.1) et (0.2)
des divergences ont été obtenues dans cet article sous des conditions plus faibles :

Theorem 0.2. (Broniatowski and Keziou (2006) Theorem 4.3). Supposons que ¢ soit dérivable. Alors,
pour toute mesure Q € Mx tel que Dy(Q,P) < oo et ¢'(dQ/dP) € (F U F), la divergence Dy (Q, P)
admet la représentation duale

DL(Q.P)= sup { / @) Q) - [ ¢ (1@) @)}, (03

FE(FUF)

ot ©*(+) est la conjuguée convexe de p(-), i.e., la fonction définie par

()t eR = p*(t) = Slelg {te —p(z)}.

Le supremum dans (0.3) est atteint en f=¢'(dQ/dP). De plus, si ¢ est essentiellement réguliére, alors
le supremum f = ¢'(dQ/dP) est unique P-p.s..

Le théoreme précédent reste valable si I'espace vectoriel (F U Fyp) est remplacé par une classe de fonctions
quelconque F vérifiant certaines conditions.
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Theorem 0.3. (Broniatowski and Keziou (2006) Theorem 4.4). Supposons que @ soit dérivable. Soit F
une classe de fonctions mesurables f : X — R. Alors, pour toute mesure Q € MF telle que D,(Q, P) <
oo et ¢'(dQ/dP) € F, la divergence D,(Q, P) admet la représentation duale

D@7 =sw{ [ jwaew - [ (1) arw)}. (0.4

feF

Le supremum dans (0.4) est atteint en f=¢'(dQ/dP). De plus, si ¢ est essentiellement réguliére, alors
le supremum f = ¢'(dQ/dP) est unique P-p.s..

Le Chapitre 2 présente les nouveaux criteres des divergences multivariées (appelées ¥-divergences) que
nous avons introduites récemment, c.f. Keziou (2015), et qui sont motivées par leur lien direct avec les
modeles semi-paramétriques de rapport des densités a plusieurs échantillons. Soit Py une loi de probabilité
sur (X, B). Soit

Y() = (z1,...,25) € RE = () € [0, +00] (0.5)

une fonction propre, fermée, convexe, vérifiant ¢ (1x) = 0, ott 1 := (1,...,1)T € RX, K > 1, telle
que 1 soit un point intérieur du domaine de (-), domy, := {@ € R¥ t.q. |¢)(x)| < 0o} . On définit la
-divergence (multivariée), entre K mesures signées finies et une loi de probabilité Py, comme suit

DulQun@ui) = [ 0 (G @) drita), (0:6)

si Q1,..., QK sont toutes a.c. par rapport a Py; et Dy(Q1,...,Qk; Py) = +00, sinon. Evidemment, pour
K =1, on retrouve les criteres classiques des ¢-divergences (entre deux mesures). Il est clair que toute
y-divergence est positive, et que la fonctionnelle (Q1,...,Qx) € ME — Dy(Q1,...,Qx; Po) € [0, +oq]
est convexe sur l'e.v. produit M, pour toute probabilité Py. De plus, si ¥(-) est strictement convexe
sur un voisinage de 1y, alors on a la propriété fondamentale suivante

Dw(Ql, .. .,QK;P()) Z 0, avec D¢(Q1, . ,QK;P()) = 0 ssi Q1 == QK = Po. (07)

Une ancienne définition différente des divergences multivariées (entre plus de deux lois de probabilités) a
été introduite par Gyorfi and Nemetz (1978), et qui nécessite une mesure dominante o-finie A de toutes
les lois de probabilités. Elle a été utilisée par Zografos (1994), Zografos (1998) et Morales et al. (1998),
pour traiter des problemes d’estimation et de test & plusieurs échantillons, pour des lois discretes. Cette
définition n’est pas appropriée a notre contexte, notamment pour ’application du théoréme de dualité
et I'obtention des representations duales pour ces criteres. Nous avons considéré la dualité de Fenchel,
et nous avons obtenu des représentations duales pour les 1-divergences, vues comme des fonctionnelles
convexes sur des sous-espaces vectoriels bien choisis de 1’e.v. produit M. Nous avons ensuite utilisé ces
représentations pour définir de nouveaux estimateurs et des tests dans les modeles semi-paramétriques des
rapports de densités & plusieurs (1+ K) échantillons, généralisant ainsi nos résultats sur la vraisemblance
empirique duale obtenus dans le cas des modeles de rapport de densités a deux échantillons, c.f. Keziou
and Leoni-Aubin (2008).

Partie 2 : Nouvelles méthodes d’inférence statistique

Cette partie du mémoire présente les estimateurs et tests obtenus, grace notamment a 'utilisation des
représentations duales des p-divergences et -divergences multivariées, que nous avons établies, avec
des choix adaptés de la classe des fonctions F selon le contexte. Elle est composée de neuf chapitres.
Dans un cadre paramétrique, le Chapitre 3 présente une procédure d’estimation et de test, basée sur
les représentations duales des (-divergences. La classe d’estimateurs proposés, c.f. Broniatowski and
Keziou (2009), contient I'estimateur du maximum de vraisemblance qui correspond au choix particulier
de la divergence de Kullback-Leibler modifiée, i.e., lorsque ¢(z) = —logx + x — 1. Nous avons étudié les
propriétés asymptotiques des estimateurs proposés, ainsi que les statistiques des tests simples ou com-
posés considérés, a la fois sous les hypotheses nulles/modeles et sous les alternatives/misspecifications.
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L’estimateur du maximum de vraisemblance et la statistique du rapport de vraisemblance ont été étudiés
comme cas particuliers. Nous avons obtenu ainsi des approximations des fonctions de puissance pour
des tests simples ou composés. Nous avons obtenu également une solution au probleme d’irrégularité
du test du rapport de vraisemblance pour tester le nombre de composantes dans un mélange. Le
probleme d’irrégularité du rapport de vraisemblance est du au fait que, sous ’hypothese nulle, la valeur
du parametre est un point frontiere du domaine; un test basé, sur I’écriture variationnelle de la divergence
de x? entre mesures signées, a été proposé et étudié.

Le Chapitre 4 présente les résultats obtenus par Broniatowski and Keziou (2012). Nous avons con-
sidéré les problemes d’estimation et de test dans des modeles semi-paramétriques définis par des con-
traintes linéaires, en utilisant les (p-divergences et les techniques de dualité de ’analyse convexe. Les
modeles considérés sont définis par des équations de la forme E [¢(X, 07)] = 0, ou E [-] désigne l'espérance
mathématique, et g := (g1...,g¢)" € R’ est une fonction vectorielle spécifiée, définie sur R™ x R%. On
trouve, dans la littérature, de nombreux exemples des ces modeles; c.f. e.g. Qin and Lawless (1994),
Haberman (1984), Sheehy (1987), McCullagh and Nelder (1983), Owen (2001) et les références ci-incluses.
Bertail (2006) et Hjort et al. (2009) étendent ces modeles au cas ol les contraintes peuvent dépendre d’'un
parametre de nuisance, éventuellement de dimension infinie, et au cas ou le nombre de contraintes ¢ peut
étre grand en comparaison avec la taille de ’échantillon, et donnent de nombreux exemples d’application.
En notant Px la loi de X, I'équation précédente peut s’écrire sous la forme me g(x,07)dPx(xz) = 0.
Notons M lensemble des mesures signées finies sur (R™, B(R™)), et définissons, pour tout 6§ € O,
les ensembles de mesures My = {Q € M; [pmg(x,0)dQ(x) = 0}. Le modele considéré s’écrit donc
M = Upeo Mo = Upeo {Q € M; [gm 9(z,0) dQ(z) =0} . Soit Xq,..., X, un échantillon i.id. de X.
Nous avons considéré les problemes du test de validité de ces modeles, 'estimation du parametre 07, la
construction de régions de confiance, et la construction de tests simples ou composés relatifs au parametre.
Notons que ces problémes ont été considérés par de nombreux auteurs de la littérature; Hansen (1982)
considere la méthode des moments généralisée (MMG), Hansen et al. (1996) introduisent un autre esti-
mateur appelé “the continuous updating estimate” (CUE). L’approche de vraisemblance empirique (VE),
développée par Owen (1988, 1990), a été étudiée, dans le contexte du modele précédent, par Qin and
Lawless (1994) et Imbens (1997), en introduisant l'estimateur de vraisemblance empirique. Une large
littérature en économétrie a été également consacrée a I’étude de ces modeles; Smith (1997) et Newey
and Smith (2004) ont fournit une classe d’estimateurs appelés estimateurs de vraisemblance empirique
généralisée (VEG) qui contient les estimateurs de VE et CUE. Schennach (2007) discute la normalité
asymptotique de l'estimateur de VE sous I’hypothese de mauvaise specification du modele; 'auteur mon-
tre que l'estimateur VE cesse d’étre \/n-convergent si les fonctions g; sont non bornées et si Px est de
support non borné. Newey and Smith (2004) ont montré que l'estimateur de VE hérite des propriétés
d’optimalité en terme d’efficacité du maximum de vraisemblance paramétrique (c.f. Pfanzagl and We-
felmeyer (1978)) lorsque il est corrigé du biais. Corcoran (1998) et Baggerly (1998) ont prouvé que,
parmi une classe de statistiques de test par minimum de divergences empiriques, le rapport de VE est
la seule statistique corrigible au sens de Bartlett. Le probléme de construction des régions de confiance
pour le parametre fp a été traité dans l'article de Owen (1990). Les problemes du test du modele,
d’estimation du parametre et de la construction des tests relatifs a celui-ci, ont été traités, en utilisant
Papproche de VE, dans les articles Qin and Lawless (1994), Smith (1997) et Newey and Smith (2004);
ils obtiennent les lois limites des estimateurs et des statistiques des tests proposés, sous I’hypothese nulle
et sous le modele. Imbens (1997) discute la loi asymptotique de I'estimateur de VE sous I’hypothese de
mauvaise spécification du modele, et donne la variance limite de I'estimateur, sans préciser les conditions
ni donner une preuve. Bertail (2006) utilise la dualité pour étudier la statistique du rapport de VE et sa
Bertlett correctibilité pour des modeles semi-paramétriques plus généraux dépendants d’un parametre de
nuisance éventuellement de dimension infinie. La principale contribution de notre article Broniatowski
and Keziou (2012) était la caractérisation précise, en utilisant nos résultats antérieurs Broniatowski and
Keziou (2006), du probleme dual d’une large classe d’estimateurs et de tests (incluant ceux de VE et de
VEG) et son utilisation pour obtenir les lois limites sous les hypotheses alternatives des tests considérés
et sous ’hypothese de mauvaise spécification du modele. Ces lois limites ont été utilisées pour obtenir
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des approximations des fonctions de puissances des tests considérés. Tous les résultats ont été démontrés
et systématiquement illustrés par simulations.

Le Chapitre 5 rapporte les articles Keziou and Leoni-Aubin (2005) et Keziou and Leoni-Aubin (2008);
nous avons considéré les problemes d’estimation et de test statistique a deux échantillons dans un cadre

semi-paramétrique. On dispose de deux échantillons : Xo1,..., Xon, €t X1.1,..., X1 ,, respectivement,
de loi P et @, sur R™, et on suppose que le rapport dQ/dP est de la forme du modeéle d’Anderson (1979)
d
d%(x) = exp {aT + B;b(:c)} = r(07,2), z € R™, (0.8)

ou 0; = (ap, 5} ) est la vraie valeur du parametre, que I'on suppose appartenir & un domaine © ¢ R'*¢,
et b(-) est une fonction de base spécifiée, définie sur R™ & valeurs dans R?. Ces modeles généralisent
le modele classique de regression logistique, et possedent de nombreuses applications en apprentissage
statistique. En effet, ces modeles peuvent étre utilisés pour traiter les probléemes suivants : détection
des outliers, tests a deux échantillons, test de rupture, estimation de la densité conditionnelle, classifica-
tion binaire, estimation de I'information mutuelle, test d’indépendance, selection de variables, clustering,
analyse en composantes indépendantes, etc.; c.f. e.g. Sugiyama et al. (2012a). Les lois @ et P sont
inconnues, seul le rapport est spécifié de manieére paramétrique. Nous avons considéré les deux problemes
suivants : estimation du parametre d’intérét O et le test de I’hypothese d’égalité Hy : Q@ = P contre
I’hypothese alternative H; : @ # P. Lorsque les deux échantillons sont indépendants, Qin (1998) propose
une méthode utilisant la vraisemblance empirique pour ’estimation du parametre 8. Nous avons montré
par ailleurs que le rapport de vraisemblance empirique, correspondant au probleme du test précédent, est
mal défini sous 'hypothese Hgy. Nous avons obtenu une version duale du rapport de vraisemblance em-
pirique qui est bien définie sous les deux hypotheses, ainsi qu’un estimateur de vraisemblance empirique
duale pour le parametre 7. Nous avons également montré que la statistique du test du rapport de
VE duale est égale, & une normalisation pres (2n), a estimateur empirique obtenu via la représentation
duale, d’une divergence particuliere, de type Kullback-Leibler “pondérée”. Il s’agit de la divergence as-
sociée a la fonction convexe réelle ¢,(x) = (x) — ¢(po + p1z), avec p(x) = xlogr —x + 1, ol py et
p1 sont, respectivement, les valeurs des limites (quand n := ng + n; — o), de ng/n et n1/n. Cela a
permis I’étude de I'estimateur et du test proposés a la fois sous ’hypothese nulle et sous ’alternative ou
I’hypothése de mauvaise spécification du modele, et la définition d’une classe plus générale d’estimateurs
et tests dépendants du choix de la fonction ¢,. Les lois asymptotiques de I’estimateur du parametre et de
la statistique du test de VE duale ont été obtenues sous ’hypothese nulle et sous 'hypothese alternative.
Une approximation de la fonction de puissance a été également obtenue.

Le Chapitre 6 décrit des résultats des articles Keziou (2015) et Keziou (2016). Nous avons introduit
les divergences multivariées, entre K, K > 1, mesures signées finies (Q1,...,Qx) et une loi de proba-
bilité de référence P, toutes définies sur un méme espace mesurable (X, B) quelconque. Ces divergences
généralisent les divergences entre une mesure signée @) et une loi de probabilité P. Nous avons obtenu
de nouvelles représentations duales pour ces divergences vues comme des fonctionnelles convexes sur
des e.v. produits de mesures signés, en utilisant des arguments de dualité dans un contexte multivarié
trés technique, c.f. Chapitre 2. Nous avons ensuite utilisé les représentations obtenues pour définir une
nouvelles classe d’estimateurs dans des modeles semi-paramétriques multiples de rapports de densités a
partir de 1 + K échantillons, généralisant ainsi ’approche de vraisemblance empirique duale proposée
dans le cas a deux échantillons. Nous avons montré la consistence de nos estimateurs, et obtenu les lois
asymptotiques des estimateurs et statistiques de tests proposés sous ’hypothese nulle, sous ’hypothese
alternative ou I'’hypothese de mauvaise spécification du modele. Les estimateurs de vraisemblance em-
pirique, c.f. e.g. Qin and Zhang (1997), Qin (1998) et Keziou and Leoni-Aubin (2008), ont été traités
comme cas particulier, correspondant & une certaine divergence de type Kullback-Leibler pondéré, avec
K = 1. L’introduction des divergences multivariées et 'obtention de leurs représentations duales ont
permis ’étude des estimateurs et des statistiques de test sous les hypotheses nulles et sous les hypotheses
alternatives. D’autre part, ces criteres peuvent étre utilisés pour définir de nouvelles procédures de se-
lection de modeles dans le contexte des modeles semi-paramétriques de rapports de densités a plusieurs
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échantillons, ainsi que de nouvelles méthodes de classification supervisée multi-groupe.

Dans le Chapitre 7, nous présentons nos travaux Keziou and Regnault (2015) et Keziou and Regnault
(2016). Nous avons introduit de nouveaux tests d’indépendance dans un cadre semi-paramétrique par util-
isation des représentations duales des ¢-informations mutuelles (d’une loi de probabilité jointe), définies
comme les ¢-divergences entre la loi jointe et la loi produit de ces marges. Nous avons obtenu notamment
un nouveau estimateur de I'information mutuelle classique possédant des propriétés optimales d’efficacité
dans un contexte semi-paramétrique. Soit (X,Y’) un vecteur aléatoire, a valeurs dans un espace produit
measurable (X x YV, Ay ® Ay), de loi jointe P et de lois marginales Px et Py. Soit ¢ : R — [0, +00] une
fonction convexe fermé telle que (1) = 0. On définit la p-information mutuelle (¢-IM) de (X,Y), ou de
sa loi P, comme la p-divergence entre la loi jointe P et la loi produit P® := Px ® Py, des marges Py et
Py; précisément

)= D) = [ o () (e

Notons que I,(P) > 0 ; de plus, si ¢ est strictement convexe sur un voisinage de 1, alors on a I,(P) =
0ssiP=P?% ie., la o-IM de (X,Y) est nulle ssi X et Y sont indépendantes. L’information mutuelle
classique (IM) est obtenue pour la fonction particuliere p(z) = zlogx — x + 1, comme la divergence
de Kullback-Leibler entre P et P®. Notons M' I’espace des lois de probabilité sur X x ). Pour tout
P € M', on note par P® := P ® Py, la loi produit des marges P; et P, de P. Nous avons considéré
le modele Semi—paramétrique suivant. On suppose que la loi P de (X,Y’) appartient au modele Mg :=
{P eM!: dP® = hy(-,-),0 € G)}, oit © C R est le domaine du parametre, et hg(.,.) est une fonction
spécifiée, définie sur X' x ) a valeurs dans R, dépendante d’un parametre 6 de dimension (14d). On suppose
que le modele précédent vérifie les deux conditions suivantes: (i) (hg(-,-) = hg(+,+),P® —p.s.) = (0 =10")
(identifiabilité); (ii) Il existe un unique 6y € int(©) vérifiant hg,(z,y) = 1, P® — p.s. Notons O la vraie
valeur du parameétre, i.e., la valeur unique vérifiant &%(x,y) = hg,(z,y), ¥Y(x,y) € X x Y. Plusieurs
exemples de ce modele sont donnés dans Keziou and Regnault (2015) et Keziou and Regnault (2016). Sous
les deux conditions : (C.1) la p-IM est finie, 1,(P) < o0; (C.2) V0 € ©, 0on a [ ¢ (ho(z,y))| dP(z,y) <
oo, une application directe de la représentation duale des divergences, c.f. Keziou (2003a) et Broniatowski
and Keziou (2006), permet d’avoir I’écriture variationnelle suivante de la ¢-IM de P

L@ =swnd [ Shates) ) = [ o (@ hatan) dr e |
US] XxY XY

ol * est la conjugué convexe de ¢. De plus, le supremum est unique, et est atteint en 6 = 6Or.
La représentation précédente joue un role central dans la construction des estimateur des ¢-IM et des
tests d’indépendance. Soient (X1,Y1),...,(Xy,Y,) un échantillon de (X,Y) de loi P, et notons P .=
% S d(x,,y;) la mesure empirique associée. Le but est de tester '’hypothese d’indépendance Hy : P =
P® contre l'alternative H; : P # P®, ce qui est équivalent, dans le contexte des p-IM, & tester I,(P) =
0 contre I,(P) > 0. Au vu de la représentation duale précédente, nous avons proposé les estimateurs
suivants, de la o-IM et du parametre 0,

I, = sup{/ @’(he)d@—/ ©* (&' (hg)) dﬁ@}
6co XxY XxY
= sup nZso ho(X, V7)) QZZw '(ho(Xi,Y5)))
€ =1 j=1

~

0, := argsup Zgo ho(Xi,Yi)) ) ZZ@ "(ho(Xi,Yj)))

0O Pyt

Notons que l'estimateur plug-in direct de la ¢-IM n’est pas bien défini généralement. D’autre part,
si 'espace X' x ) est discret fini, nous avons montré que l'estimateur dual précédent coincide avec
Pestimateur plug-in direct avec un choix spécifique du modele hy(+,-). Nous avons montré la consistence
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des estimateurs précédents, obtenu les lois limites des estimateurs Iia sous ’hypotheése d’indépendance, et
défini une classe de tests d’indépendance basés sur ces estimateurs. On a montré que cette classe recouvre
le test d’indépendance classique du x? pour des lois discrétes. Enfin, nous avons établi un principe de
grandes déviations, et montré que le test utilisant le nouveau estimateur de I'IM est optimal au sens de
Bahadur parmi tous les tests proposés.

Dans le Chapitre 8, nous avons proposé un test d’indépendance, dans des modeles de copules semi-
paramétriques, de type rapport de vraisemblance; c.f. Bouzebda and Keziou (2008). Soit (X711, X2,1),
ooy (X1 0, X2.5,) un échantillon d’un vecteur aléatoire bivarié (X, X) de loi P, de fonction de répartition
F(-,-) et de fonctions de répartitions marginales (que I'on suppose continues) Fj(-) et Fy(-). Notons
C(-,-) la copule associée & F(-,-), i.e., la fonction définie, pour tout (u1,u2) € (0,1)%, par C(uy,uz) =
P{F1(X1) < u1, F5(X3) < uz}. On suppose que la copule C' appartient a un modele semi-paramétrique
{Cy; 0 € B}, typiquement indexé par un parametre § € © C RY cf. eg. Kimeldorf and Sampson
(1975b), Kimeldorf and Sampson (1975a) et Joe (1997). Notons O la vraie valeur du parametre, et 6
la valeur particuliere du parametre correspondant a I’hypothese d’indépendance. Pour la majorité des
modeles de la littérature, la valeur d’indépendance 6y est un point frontiere du domaine ©. L’approche
non paramétrique d’estimation des copules a été initiée par Deheuvels (1979b) qui a introduit le pro-
cessus empirique de la copule. Dans Bouzebda and Keziou (2008), nous avons considéré des modeles
semi-paramétriques de copules avec des marginales inconnues générales. Pour estimer la vraie valeur
inconnue 67, des procédures d’estimation semi-paramétriques basées sur la maximisation, sur ’espace du
parametre O, d’un critére bien choisi de pseudo-vraisemblance, a été étudiée par Genest et al. (1995),
Shih and Louis (1995), Wang and Ding (2000) et Tsukahara (2005) parmi d’autres. Dans ces travaux, la
normalité asymptotique a été établie pour v/n(6, —fr), ou 6,, est un estimateur de 07, lorsque celui-ci est
un point intérieur de ©. Nous avons montré dans Bouzebda and Keziou (2008) que la normalité asymp-
totique de l’estimateur n’est plus valide sous 'hypothese d’indépendance des marges, i.e., si 67 = 6,
fp étant un point frontiere du domaine ©. D’autre part, la loi limite de la statistique du rapport des
pseudo-vraisemblances, du test d’indépendance des marges, n’est plus une loi du x?. Nous avons donc
étudié ce probleme lorsque 6 est univarié, et nous avons obtenu les lois asymptotiques de 'estimateur
de pseudo-vraisemblance de 67 sous I’hypotheése d’indépendance des marges. Nous avons également pro-
posé un test statistique de type rapport des pseudo-vraisemblances, pour lequel nous avons obtenu les
lois asymptotiques a la fois sous I’hypothese d’indépendance et sous I'alternative. Ces résultats ont été
également établis pour des données censurées dans Bouzebda and Keziou (2010c).

Les résultats précédents, de larticle Bouzebda and Keziou (2008), ont été établis dans le cas ou le
parametre est de dimension un. L’extension des ces résultats au cas multidimensionnel devient im-
médiatement un probleme complexe. Nous avons donc proposé une alternative a ’approche de maximi-
sation de la pseudo-vraisemblance dans Bouzebda and Keziou (2010b), Chapitre 9 de ce mémoire, en
utilisant la représentation duale de la divergence du x?, considérée sur un domaine étendue ©, du domaine
© du parametre. La valeur d’indépendance 0y devient ainsi un point intérieur du nouveau domaine O..
Nous avons montré la normalité asymptotique de I’estimateur obtenu qui reste valable sous ’hypothese
d’indépendance, et nous avons proposé un test d’indépendance pour lequel nous avons montré que la
loi asymptotique est une loi de x? classique avec un nombre de degrés de liberté égale & la dimension
du parametre. La généralisation aux autres criteres des ¢-divergences a été réalisée dans nos travaux
Bouzebda and Keziou (2009) et Bouzebda and Keziou (2010a).

Le Chapitre 10 présente le test, de non changement des valeurs des parametres des modeles de copules
semi-paramétriques; c.f. Bouzebda and Keziou (2013). Le test proposé est de type rapport de pseudo-
vraisemblance de densités de copules, et nous avons montré que sa loi limite est la méme que celle du
test du rapport de vraisemblance paramétrique classique (c.f. e.g. Csorgé and Horvath (1997)). Sous
certaines conditions, nous avons montré que la loi limite de la statistique du test, convenablement centrée
et normalisée, est la loi double exponentielle. Nous avons également traité le probleme de I'approximation
gaussienne de la statistique du test. Enfin, la loi limite de la statistique du test, sous 'alternative, a été
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établie également et une approximation de la fonction de puissance a été obtenue, qui fait apparaitre une
divergence s’écrivant comme mélange convexe de deux divergences de Kullback-Leibler.

Autre contribution : Analyse en composantes indépendantes et Sépara-
tion aveugle de sources via divergences et copules

Le dernier Chapitre décrit notre contribution en analyse en composantes indépendantes (ACI) et en
séparation aveugle de sources (SAS) par utilisation des criteres de divergences et les copules. Certains
résultats ont été obtenus dans le cadre de la préparation de deux theses de doctorat, de Ould Mohamed et
de Ghazdali, que j’ai encadrées a 50% chacune; c.f. Ould Mohamed (2010) et Ghazdali (2015). L’ACI, et
plus généralement la SAS, est I'un des thématiques les plus attractifs du traitement statistique du signal.
Elle a fait 'objet de nombreux travaux de recherche depuis les années 80, & cause de leur richesse en
termes d’applications dans des domaines tres variés; c.f. e.g. Choi and Cichocki (1997) en reconnaissance
de la parole, De Young and Evans (2007) en communication numérique san fil, Ferreira et al. (2009) et
Congedo et al. (2008) en traitement du signal biomédical. L’ACI est 'une des techniques utilisées pour
répondre au probléeme de la SAS sous ’hypothése d’indépendance des sources. L’ACI peut étre considérée
aussi comme une méthode qui complete I’ACP, pour transformer les variables, observées sur les individus,
en des nouvelles variables indépendantes. Ensuite, ces nouvelles variables (indépendantes) peuvent étre
utilisées, pour construire des modeles de régression (ou des classifieurs) plus efficaces en terme de qualité
de prédiction. L’objectif de la SAS est d’estimer les signaux sources a partir des signaux observés qui sont
des mélanges inconnus de celles-ci. Les signaux observés @(n) := (z1(n),...,zq(n)) €R% n=1,...,N,
sont mélanges de signaux “sources” s(n) € R™,n=1,...,N,

x(n):= Als(n)] +b(n),n=1,...,N, (0.9)

ou AJ‘] est 'opérateur de mélange (inconnu); s(n) := (s1(n), ..., sm(n))T, n=1,...,N, sont les signaux
sources (inconnues); et b(n) € RY, n=1,..., N, est le bruit (inconnu). La présence du bruit rend difficile
la reconstitution des sources. Pour simplifier le probleme, considérons le cas non bruité des mélanges
linéaires instantanés, ou le nombre de signaux observés est égal au nombre de signaux sources, i.e., d = m.
Le modele (0.9) s’écrit dans ce cas sous la forme

x(n):=As(n),n=1,...,N, (0.10)
ou A est la matrice de mélange, de dimension m x m. Les solutions pour ce dernier sont donc de la forme
y(n):=Bx(n),n=1,...,N, (0.11)

oll B est une matrice m x m. Le probleme est donc d’obtenir un “estimateur” B (fonction seulement
des signaux observés x(n),n = 1,..., N) qui soit le plus proche possible de la solution idéale A™!, ce qui
conduit a l’estimation suivante des signaux sources s(n)

3(n):=Bx(n),n=1,...,N. (0.12)

Il est a noter que le modele de la SAS comporte deux indéterminations intrinseques au probléeme : une
premiere de permutation et une deuxieme du facteur d’échelle, en effet, nous avons les deux égalités
x(n) := As(n) = APPs(n),n =1,...,N et x(n) := As(n) = AA As(n),n = 1,...,N, pour
toute matrice de permutation P et pour toute matrice diagonale inversible A. Donc la solution idéale
A~ ne peut étre estimée qu’a une permutation P et un facteur d’échelle A pres. Nous avons considéré
ce probléeme en adoptant un point de vue utilisant la modélisation aléatoire suivante. Les signaux sources
s(n) e R™ n=1,...,N, sont considérés comme une suite de N réalisations indépendantes d’un vecteur
aléatoire S € R™. Par conséquent, les signaux observés x(n) := A s(n),n =1,..., N, peuvent étre vus
comme des réalisations i.i.d. du vecteur aléatoire X := A S € R™, et les solutions y(n) := Bx(n), n =
1,..., N, peuvent étre a leur tour considérées également comme des réalisations i.i.d. du vecteur aléatoire
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Y =BX =BAS= MS € R™. Le principe de séparation aveugle de sources repose sur le résultat
suivant. On montre que si les trois conditions suivantes sont vérifiées : (i) les composantes Si,...,Sn,
de S sont indépendantes; (ii) au plus une composante .S; est gaussienne et (iii) Vi = 1,...,m, la loi de
la composante S; n’est pas une mesure de Dirac, alors le probleme est identifiable (& une permutation et
un facteur d’échelle pres), et on a Yi,...,Y,, sont indépendantes ssi M = A P, ou A est une matrice
diagonale (d’échelle), et P une matrice de permutation. Autrement dit, pour retrouver le vecteur source S
il faut et il suffit de trouver la matrice B qui rend indépendantes les composantes de Y. La démonstration
de ce résultat, c.f. e.g. Comon (1994), repose sur les théoremes de Darmois-Skitovich et Marcinkiewicz-
Dugué; c.f. Darmois (1953) et Dugué (1951). Les conditions (ii) et (iii) précédentes sont faibles et sont
généralement vérifiées dans la pratique. Par contre la condition (i) d’indépendance des sources est une
condition forte. La plupart des méthodes de la SAS de la littérature utilisent néanmoins cette hypothese
et reposent sur le principe précédent. On trouve dans la littérature des procédures (dites de décorrélation)
utilisant les statistiques d’ordre deux ou d’ordre supérieur (c.f. e.g. Pesquet and Moreau (2001), Castella
et al. (2007)), d’autres consistent a optimiser (sur l'espace des matrices séparantes B) un estimateur
d’une mesure de dépendance des composantes du vecteur Y. Comme mesures de dépendance qui ont
été utilisées, on trouve le critére de l'information mutuelle (c.f. e.g. Comon (1994), Pham (2002)), et les
criteres de a-divergences, S-divergences et divergences de Renyi (c.f. e.g. Cichocki and Amari (2010) et
Vrins et al. (2007) parmi d’autres). Dans nos articles Keziou et al. (2008) et Ould Mohamed et al. (2010),
nous avons proposé un nouveau critere de SAS pour des sources cyclo-stationnaires d’ordre deux avec des
fréquences cycliques connues et différentes. La convergence de I'algorithme proposé a été démontrée, et
les résultats de simulations montrent la performance du criteére proposé en comparaison avec ceux bien
connus de Sobi, CyscloSobi et Jade. Nous avons proposé dans l'article El Rhabi et al. (2013) une nouvelle
méthode de SAS pour des mélanges linéaires (instantanés ou convolutifs) de sources en présence du bruit.
Notre approche procede en deux étapes. Une premiere étape de débruitage des signaux observés, suivie
d’une étape de séparation par minimisation des divergences (entre la loi jointe et le produit des marges)
pénalisée par la variation totale des signaux. L’efficacité et la robustesse de cette procédure ont été
illustrées pour des signaux simulés et pour des signaux images réelles. Comme la plupart des méthodes
de SAS, les méthodes précédentes supposent 'indépendance des signaux sources. Nous avons par ailleurs
montré que la séparation des sources dépendantes est possible et proposé récemment, dans 'article Keziou
et al. (2014), une nouvelle méthode prometteuse qui permet de séparer des mélanges linéaires instantanés
de sources indépendantes/dépendantes, via la minimisation de la divergence de Kullback-Leibler entre
densités de copules. En se basant sur les travaux El Rhabi et al. (2013) et Keziou et al. (2014), nous avons
proposé une méthode pour séparer des mélanges linéaires instantanés, en présence du bruit, de sources
indépendantes/dépendantes. Elle consiste & minimiser un estimateur de la divergence de Kullback-Leibler
entre copules, pénalisée par un terme de type variation totale; c.f. Ghazdali et al. (2017). Dans ce dernier
Chapitre 11, nous présentons les résultats de notre article Ghazdali et al. (2017), qui traite un cas plus
général et utilise nos travaux antérieurs El Rhabi et al. (2013) et Keziou et al. (2014).
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Chapter 1

Divergences between measures

In this Chapter, we present the results obtained in Keziou (2003a) and Broniatowski and
Keziou (2006). We consider the minimization problem of ¢-divergences between a given
probability measure P and subsets () of the vector space M r of all signed finite measures
which integrate a given class F of bounded or unbounded measurable functions. The
vector space M r is endowed with the weak topology induced by the class F U F;, where F;
is the class of all bounded measurable functions. We treat the problems of existence and
characterization of the p-projections of P on (). We consider also the dual equality and the
dual attainment problems when (2 is defined by linear constraints. Using duality theory of
convex analysis in infinite dimension, we obtain new dual representations for p-divergences,
viewed as convex functionals on well-chosen vector spaces of signed finite measures.

1.1 Introduction and notation

Let (X,B) be a measurable space and P be a given reference probability measure (p.m.) on (X, B).
Denote M the real vector space of all signed finite measures on (X', B) and M (P) the vector subspace of
all signed finite measures absolutely continuous (a.c) with respect to (w.r.t.) P. Denote also M! the set
of all p.m.’s on (X, B) and M!(P) the subset of all p.m.’s a.c w.r.t. P. Let ¢ be a proper' closed” convex
function from R to [0, +00] with ¢(1) = 0 and such that its domain dom,, := {x € R such that ¢(z) < oo}
is an interval with endpoints a, < 1 < b, (which may be finite or infinite). For any signed finite measure
Q@ in M(P), the ¢-divergence between @) and P, is defined by

D@ = [ o(4p@) ar), (1)

When @ is not a.c. w.r.t. P, we set D, (Q, P) = +00. The ¢-divergences between p.m.’s were introduced
by Csiszar (1963, 1967b) as f-divergences. See also Ali and Silvey (1966). The definition of ¢-divergences
of Csiszar (1963, 1967b) between p.m.’s requires a common dominating o-finite measure, denote it A, for
@ and P. Note that the two definitions of ¢—divergences coincide on the set of all p.m.’s a.c w.r.t. P and
dominated by A. The ¢-divergences between any signed finite measure ) and a p.m. P were introduced
by Csiszéar et al. (1999); they gave the following definition

Dy(Q, P) = /X p(g(2)) dP(x) + boh (X) — aog (X), (1.2)

where a = lim, o @(x)/z, b :=lim, 1 ¢(z) /2, and Q = ¢P+o0g and 0g = 05—05 are, respectively,
the Lebesgue decomposition of () and the Jordan decomposition of the singular part og. The definitions
(1.1) and (1.2) coincide when @ is a.c. w.r.t. P or when a = —oo or b = 400. Since we will consider

! A function ¢ is called proper if its domain is non void and ¢(z) > —oc, for all x.
2The closedness of ¢ (on R) means that if a, (or b,) are finite numbers then ¢(z) tends to p(a,) when z | a, (or ¢(z)
tends to ¢(b,) when x 1 b,).
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optimization of @ — D, (Q, P) on sets of signed finite measures all a.c. w.r.t. P, it is more adequate for
our sake to use the definition (1.1). For all p.m. P, the mappings Q € M — D,(Q, P) are convex and
take nonnegative values. When @Q = P then D (Q, P) = 0. Furthermore, if the function z — ¢(x) is
strictly convex on a neighborhood of x = 1, then the following fondamental property holds

D,(Q,P) =0 if and only if Q = P. (1.3)

All these properties are presented in Csiszar (1963, 1967¢,b,a) and Liese and Vajda (1987) Chapter 1,
for o-divergences defined on the set of all p.m.’s M'. When the ¢-divergences are defined on M, then
the same properties hold. When defined on M!, the Kullback-Leibler (K L), modified Kullback-Leibler
(K Ly,), x%, modified x? (x2,), Hellinger (H), and L; divergences are, respectively, obtained for the
convex functions ¢(z) = zlogz —x + 1, p(z) = —logz + 2 — 1, p(z) = 2 (z — 1?2, o(z) = Iz — 1)?/z,
o) = 2(Vx — 1)2 and p(x) = |z — 1]. All those divergences except the L; one, belong to the class of
the so-called power divergences introduced in Cressie and Read (1984) (see also Liese and Vajda (1987)
Chapter 2). They are defined through the class of convex functions
=y +y—1

€0, +ools n(x) = T (14)

if v € R\{0,1}, wo(z) := —logz +x — 1 and ¢;(x) := zlogz —x + 1. (For all v € R, we define
©,(0) := limgjo (). So, the KL—divergence is associated to ¢1, the KL, to ¢g, the x? to ¢,
the x2, to p_1 and the Hellinger distance to ¢, /2. The Kullback-Leibler divergence (K L-divergence)
is sometimes called Boltzmann-Shannon relative entropy. It appears in the domain of large deviations
and it is frequently used in the domain of the reconstruction of laws, and in particular in the classical
moment problem (see e.g. Csiszar et al. (1999) and the references therein). The modified Kullback-
Leibler divergence (K L,,-divergence) is sometimes called Burg relative entropy. It is frequently used
in Statistics and it leads to efficient methods in statistical estimation and tests problems; in fact, the
celebrate “maximum likelihood” method can be seen as an optimization problem of the K L,,-divergence
between the discrete or continuous parametric model and the empirical measure associated to the data; see
e.g. Keziou (2003a) and Broniatowski and Keziou (2009). On the other hand, the more recent “empirical
likelihood” method can also be seen as an optimization problem of the K L,,-divergence between some
set of measures satisfying some linear constraints and the empirical measure associated to the data; see
Owen (2001) and the references therein, Bertail (2004, 2006), and Broniatowski and Keziou (2012). The
Hellinger divergence is also used in Statistics, it leads to robust statistical methods in parametric and
semi-parametric models; see e.g. Beran (1977), Lindsay (1994) and Jiménez and Shao (2001). We extend
the definition of the power divergences functions Q € M' D, (Q, P) onto the whole vector space of
signed finite measures M via the extension of the definition of the convex functions ¢, : For all v € R
such that the function x — ¢, () is not defined on | — 0o, 0 or defined but not convex on whole R, we
extend its definition as follows

oy(x) if  x€0,400],

+00 if x€]—o00,0[ (1.5)

x €] — 00, +00[— {

Note that for the y*-divergence for instance, ¢(z) = @a(z) := 3(x—1)? is defined and convex on whole R.

The convex conjugate (or Fenchel-Legendre transform) of ¢ will be denoted ¢*, i.e.,

O ()t e R p*(t) = ilég {tx —p(z)}, (1.6)

and the endpoints of dom,« (the domain of ¢*) will be denoted a, and b~ with a,« < b,«. Note that
©*(+) is in turn proper closed convex function. In particular, a,+ < 0 < by, ¢*(0) = 0 and

lim w, by» = lim w (1.7)

Qp*x =
y——0o Y y—+oo Yy



1.1 Introduction and notation 17

By the closedness of ¢, the convex conjugate ¢** of ¢* coincides with ¢, i.e.,

©**(t) :=sup {tx — ™ (x)} = p(t), forallteR. (1.8)
z€R
Note that, the lower semi-continuity® and the closedness properties are equivalent, for the proper convex
functions defined on R (endowed with the usual topology). We say that ¢ (resp. ¢*) is differentiable if it
is differentiable on |ay, by[ (resp. Jayx,by+[), the interior of its domain. We say also that ¢ (resp. ¢*) is
strictly convex if it is strictly convex on Jay, by[ (resp. ]ay«,by[). The strict convexity of ¢ is equivalent
to the condition that its conjugate ¢* is “essentially smooth”, i.e., differentiable with

limw%*go*/(t) = —oo if @y > —o0,

hmmbw (p*,(t) = 4oo if bg,* < +00. (1.9)

Conversely, ¢ is essentially smooth if and only if ¢* is strictly convex; see e.g. Rockafellar (1970) Section
26 for the proofs of these properties. If ¢ is differentiable, we denote ¢’ the derivative function of ¢, and we
define ¢'(a,) and ¢'(by,) to be the limits (which may be finite or infinite) limg, |, ¢'(z) and limgyp, ' (),
respectively. We denote Im¢’ the set of all values of the function ¢’, i.e., Im¢’ := {¢/(2) s.t. = € [ay, by}
If additionally the function ¢ is strictly convex, then ¢’ is increasing on [a,, b,]. Hence, it is one-to-one
function from [a,,, b,] to Tmy’, we denote in this case ¢’ the inverse function of ¢’ from Tmg’ to [ay, by].
Note that if ¢ is differentiable, then for all  €a,,b,[, we have

¢ (¢(2) = 2¢/(2) — ¢ (2). (1.10)
If additionally ¢ is strictly convex, then for all ¢ € Im¢’, we have
=t - (1) and M) =), (1.11)

On the other hand, if ¢ is essentially smooth, then the interior of the domain of ¢* coincides with that
of Imy’, i.e., (apr,byr) = (¢'(ap), ¢ (by)). If additionally ¢ is twice continuously differentiable, then
©* is twice continuously differentiable (on Jag+, by+[) with ¢*'(t) = ¢ (t) and o*"(t) = m. In

particular, ¢*'(0) = 1 and ¢*”(0) = 1. Obviously, since ¢ is assumed to be closed, we have ¢(a,) =
limgq, ¢(z) and p(by,) = limgpp, p(x), which may be finite or infinite. Hence, by closedness of ¢*, we
have also ¢*(ap+) = lim¢|q . ¢*(t) and ¢*(by+) = limey, . ¢*(t). Finally, the first and second derivatives
of ¢ in a and b are defined to be the limits of ¢'(x) and ¢”(x) when x | a and when = 1 b. The first and
second derivatives of ¢* in a* and b* are defined in a similar way. Using the above properties, we give in
Table 1.1 below, the convex conjugates ¢* of some functions ¢, associated to standard divergences. We
determine also their domains, (ay,b,) and (ap+, byx ).

Table 1.1: Convex conjugates for some standard divergences.

[ Dy, o | dom, [ domy- [ ¢* |
KLy, || p(z):=—logzx+x—1|]0,400[ || | —00,1] | ¢*(t) = —log(1 —t)
KL o(x) :=zloge —xz+1 | [0,+00] || R o*(t)=e —1
2
D, o(x) == %(x_xl) . 10, +oo[ || |—00,3] | ¢*(t) =1— /T —2¢
¢ e =1’ |® R SO =3P+
H p(z) :=2(yr —1) [0, +oo[ || | —00,2[ | ¥*(t) = 575
The domain of the ¢-divergence will be denoted domD,, i.e.,
domD, :={Q € M s.t. Dy(Q,P) < oo} . (1.12)

3We say a function ¢ is lower semi-continuous if the level sets {x s.t. p(z) < a}, Va € R, are closed.
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Definition 1.1. Let Q be some subset in M. The p—divergence between the set 2 and a p.m. P, noted
D,(Q, P), is
D,(Q, P) := inf D P).
o(QP) = inf Dy(Q, P)

Definition 1.2. Assume that D, (2, P) is finite. A measure Q* € Q such that
DSD(Q*vP) S D<,0(Q7P)7 fOT all Q S 97

is called a p-projection of P on Q). This projection may not exist, or may be not defined uniquely.

If ¢ is a strictly convex, then the function @ € M(P) — D,(Q, P) is strictly convex, and then the
p-projection of P on some convex set €2, is uniquely defined, whenever it exists.

Let g; : X — R, i = 1,...,1, be measurable real valued functions on X. Denote g := (go,91,...,91) "
with gg := 1x. We assume that the functions go, g1,...,g; are linearly independent in the sense that
: P({zeXst. Ag(z) #0}) > 0 for any A € R with A # 0. For all A € R, we denote by
A0y A1y ..., A the (1 +1) coordinates of .

Denote M, the set of all signed finite measures with total mass one, a.c. w.r.t. P, which integrate the
functions g; and satisfy a finite number of linear constraints, i.e.,

M, = {Q € M(P)s.t. QX)=1and /ng(x) dQ(x) =0foralli=1,.. .,l} . (1.13)

We consider the optimization problem

Ao D(Q,P). (1.14)

The Lagrangian “dual” problem associated with (1.14) is

A;ﬁ)ﬂ{Ao— /X o* (x\Tg(:c)> dP(at)}. (1.15)

We will consider the problem of the “dual” equality inf(1.14) = sup(1.15), the existence of optimal solu-
tions in (1.15), and in particular the problems of the existence and the characterization of the optimal
solutions in (1.14), i.e., the p-projections of P on the set M,.

These problems intervene in the domain of the reconstruction of laws, in particular, the classical moment
problem. Also they appear frequently in Statistics; in fact, the “empirical likelihood” method, which is
the nonparametric version of the celebrate maximum likelihood method, can be seen as an optimization
problem of the K L,,-divergence between some set of measures defined as in (1.13) and the empirical
measure associated to the data; see e.g. Broniatowski and Keziou (2012).

In the vocabulary of the duality theory, a measure @ in M, which realizes the infimum in (1.14) (i.e., a
p-projection of P on M, in the vocabulary of ¢-divergences theory) is called “a primal optimal solution”
or simply “an optimal solution”, while a point A in R'* which realizes the supremum in (1.15) is called
“a dual optimal solution”.

For the optimization problem of convex function f : R"™ —] — 00, +00] on convex sets C' in R™ subject to
linear constraints Az = b € R™ where A is some m X n-matrix, a sufficient condition, in order that the
equality
inf ) = su {th— * (ATt>} 1.16
{zeC; Axz=b} f( ) teer)n ! ( )
holds with dual attainment, is that there exists a point Z in the relative interior of the convex set
C Ndomf such that AT = b; see e.g. Rockafellar (1970) for the proofs of these results.

“i.e., the interior in the real affine subspace (C' N dom) of R™ endowed with the relative topology of the usual topology
on R"™.
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In order to make the set M, closed and the linear functions Q@ € M — [, gi(x)dQ(x) continuous,
which is required for applymg the duality theory and solving the problem of existence of p-projections of
P on the set My, we endow the vector space M by the weak topology, denote it 77, induced by F U Fy,
where F := {g0,91,..., 91} and Fy is the set of all bounded B-measurable real valued functions on X’; see
Section 1.2 below for precise definition of the 7x-topology.

Note that the relative interior of the convex set M, is generally empty in the weak topology 7. Borwein
and Lewis (1992b) have extended the idea of the relative interior (r.i.) of convex sets in R™ to a new
notion which have called “the quasi relative interior” (q.r.i.) of convex subsets of an arbitrary Hausdorff
topological vector space X (finite or infinite dimension), that they have used to construct a powerful du-
ality theory for the optimization problem of convex function f : X +— (—o0,+00] on convex sets C' C X
subject to linear constraints. In particular, when X is locally convex, they obtain similar results as in
(1.16) when the relative interior is replaced by the quasi relative interior; see Borwein and Lewis (1992b)
Corollary 4.8. The main advantage of the quasi relative interior of convex subset C of infinite dimension
vector space X is that it is frequently nonempty even when the relative interior of C' is empty.

If [, ]gi(x)|dP(x) is finite, for all ¢ = 1,...,1, then the convex conjugate of the convex function
Q — Dy(Q, P) (on the vector space Mx(P) of all signed finite measures @ a.c. w.r.t. P and which
integrate all the elements of F, i.e., all the functions g;) can be written as

DL(f) =  sup { [ 1w data @<Q,P>}= [ @) apte), ora g & (Fu R

QEME(P

see Section 1.4 below for details. So, in this case, as in Borwein and Lewis (1991), we can apply Corollary
4.8 in Borwein and Lewis (1992a) to obtain the dual equality inf(1.14) = sup(1.15) with dual attainment,
whenever there exists a measure )y in M, which belongs to the quasi relative interior of M, N domD,,.
This condition is called “constraint qualification”. We can prove also from Borwein and Lewis (1992a)
that a measure @)g is in the q.r.i of My N domD, iff a, < dQO < dQO < by, P-almost everywhere (P-
a.e.). We summarize these results and some other results about the problems of the existence and the
characterization of the primal optimal solution (i.e., the ¢-projection of P on Mj) in the following two
Theorems and two Corollaries. For proofs, we refer to Borwein and Lewis (1992a) Theorem 3.10, Borwein
and Lewis (1991) Corollary 2.6 and Theorem 4.8, and Csiszar et al. (1999) Theorem I1.2.

Theorem 1.1. If [, |gi(x)|dP(x) is finite, for all i = 1,...,1, and if the following constraint qualifica-
tion”: R R
~ d d
there exists Q € My N domD,, s.t. a, < aQ < aQ <b, (P—a.e.) (1.17)
dP — dP
holds, then inf(1.14) = sup(1.15) and there is attainment in (1.15). Suppose additionally that o*
essentially smooth (which is equivalent to the strict convezity of ¢), and that there exists a dual optimal

solution \ which is an interior point of the set

domD7, := {)\ e R st / " ()\Tg(:z:)> dP(zx) is finite }, (1.18)
X

then the unique optimal solution of (1.14) (i.e., the @-projection of P on M), which we denote Q*, exists
and it is given by

@) = ¢ (X o). (1.19)

Remark 1.1. In (1.18), for brevity, the definition of domDy,, which usually is the set of functions f
such that D7 (f) < oo, is modified here.

®The strict inequalities in (1.17) mean that P{ < aw} P { Q9 >b }
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Remark 1.2. If all functions g; belong to Loo(X, P), and if for a dual optimal solution X € R the
following condition

apr < essianTg(.) < esssupXTg(.) < b (1.20)

holds, then X is an interior point of doij;. Hence, under assumption (1.20), all results in the above
Theorem hold whenever the constraint qualification (1.17) is met.

If all functions g; belong to Lo (X, P), and if additionally the convex function ¢* is everywhere finite
(i-e., ap= = —00 and by,+ = +00), then obviously condition (1.20) holds since domD}, = R+ in this case.
Hence, under the constraint qualification (1.17), all results in the above Theorem hold. We state this
result in the following Corollary.

Corollary 1.1. Suppose that all functions g; belong to Loo(X, P) and that ©* is everywhere finite (i.e.,
agr = —00 and byx = +00). If the constraint qualification (1.17) holds, then inf(1.14) = sup(1.15) and
there is attainment in (1.15). Suppose additionally that ¢* is everywhere differentiable (which is equivalent
to the strict convexity of ), then the unique optimal solution Q* of (1.14) (i.e., the p-projection of P
on My) exists and it is given by

@)= (N gl)) (1.21)

where X € R is any dual optimal solution.

In the following Theorem and Corollary, we give sufficient conditions for the uniqueness of the dual optimal
solution (see Borwein and Lewis (1991) Theorem 4.5 for the proof). Note that the strict convexity of ¢*
is equivalent to the condition that its conjugate ¢ is essentially smooth.

Theorem 1.2. Suppose that all assumptions of Theorem 1.1 are met. Suppose furthermore that the
function ¢ is essentially smooth. Then the dual optimal solution X\ is unique. Moreover, the unique
optimal solution Q* of (1.14) exists and it is given by

@) =0 (N o) = ¢ (X o). (1.22)

Corollary 1.2. Suppose that all assumptions of Corollary 1.1 are met. Suppose additionally that the
function ¢ is essentially smooth. Then the dual optimal solution M\ is unique. Moreover, the unique
optimal solution Q* of (1.14) exists and it is given by

) = (M) = ¢ (3 o). (1.23)

The important Corollary 1.1, which essentially requires that the constraint qualification (1.17) holds,
applies in the K L-divergence case since the corresponding conjugate ¢* is everywhere finite (see also
Borwein and Lewis (1993) for other examples), but it fails in the two important cases of Burg relative
entropy (K Lp,-divergence in the context of divergences) and Hellinger divergence without additional
conditions since the corresponding conjugates ¢* are infinite on the intervals [1,400) and [2,+00), re-
spectively. Léonard (2001b) consider the optimization problem (1.14) when the set M, is replaced by the
subset
dq

My := {Q € M(P) s.t. q:= P € Ly:+ and / g(z) d@Q = (1,0,... ,O)T}, (1.24)
X
where Lg:« is the Orlicz space defined as follows:

Lygs» = {q: X > R; measurable such that [|g||,:+ < oo} (1.25)

with fallse = inf {o >0 [ it (1) api <1,
X
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and ¢ is the convex conjugate of the convex function ¢}, defined by ¢} (t) := max (¢*(t), p*(—t)) for
all t € R. Without the constraint qualification (1.17), under the following integrability condition

for any A € R, / " ()\Tg(:x)) dP(z) < oo, (1.26)
X

applying the duality theory on Orlicz spaces, Léonard (2001b) obtained the dual equality

S 2(Q.P) —A:£y+l{xo— /X ¢ (ATg()) dP(x)}- (1.27)

Moreover, if the value is finite, then there exists at least one @-projection of P on M,; see Léonard
(2001b) Theorem 3.4 for details in more general context. A characterization of the -projections of P
on the set M,s (with finite or infinite number of linear constraints) is stated by Léonard (2001c) under
condition (1.26); see Léonard (2001c) Theorem 4.4, 4.5 and 4.6. Note that the integrability condition
(1.26) implies that ¢* is everywhere finite, and these results apply in the important K L-divergence case
with finite or infinite number of linear constraints. However, the condition (1.26) does not hold in the
K L,,-divergence and Hellinger divergence cases since the domains of the corresponding ¢* functions are
proper subsets of R, and the important result (1.27) does not apply in these two important cases. Under
the weaker integrability assumption

for any A\ € RH‘Z, there exists a > 0 s.t.
/ " <a)\Tg(:z:)> dP(z) +/ " <—a)\Tg(x)> dP(z) < oo, (1.28)
X X
the dual equality (1.27) may fail; see Léonard (2001b) Theorem 3.3.

The goal of the present Chapter is to present results of existence and characterization of the p-projections
of a given p.m. P on some subsets €2 of M r, the space of all signed finite measures which integrate a given
class F of functions, in particular, convex sets of signed finite measures defined by linear constraints as in
(1.13) extending some previous works (about the existence and characterization of the p-projections on
subsets of M!, the set of all p.m.’s) of Csiszar (1975, 1984), Liese (1977), Riischendorf (1984), Riischendorf
(1987), Liese and Vajda (1987), Teboulle and Vajda (1993) and Csiszar (1995). We give also different
versions of dual representations of the ¢-divergences viewed as convex functions on the space of all signed
finite measures which integrate an arbitrary class of functions. When the set €2 is defined by linear con-
straints as in (1.13), we consider the dual problem, and we obtain the equality inf(1.14) = sup(1.15) with
dual attainment under different assumptions without constraint qualification. Additional conditions are
given to obtain similar results which apply in the two important K L,,-divergence and Hellinger diver-
gence cases.

Enhancing M?! to M is motivated by the following arguments : sometimes the ¢-projection, say Q%, of
a p.m. P on subset of M is not an “interior” point and we can not give in this case a definite descrip-
tion of ()7, while the ¢-projection, say Q*, of a p.m. P on subset of M is an “interior” point, which
allows to give a perfect characterization of the ¢-projection Q*. In the context of statistical estimation
and tests using the empirical likelihood method (see Owen (2001)), or related ones to criterions defined
through divergences (see Broniatowski and Keziou (2012)), the projection of the empirical measure P,
of a sample on a set Q' of p.m.’s may make problems when the projection is not an interior point of
Q! NdomD,y(., P,). Enhancing M! to M, this difficulty does not hold any longer, and tests as well as
estimation can be performed.

The rest of this Chapter is organized as follows : In Section 1.2, we consider the problem of existence of
p-projections on general closed sets of signed measures. Section 1.3 deals with the problem of charac-
terization of the (p-projections on sets of signed measures, in particular, sets of signed measures defined
by linear constraints. In Section 1.4, we give different dual representations of ¢-divergences seen as



22 Divergences between measures

convex functions on the vector space of all signed finite measures which integrate a given class F of
functions. In Section 1.5, we apply the results of Sections 1.2, 1.3 and 1.4, to obtain the dual equality
inf(1.14) = sup(1.15) with dual attainment, under different assumptions without constraint qualification.

1.2 Existence of p-projections on sets of signed measures

In this Section, we give sufficient conditions for the existence of p-projections of some p.m. P on sets
Q of signed finite measures which integrate some class of functions (see Theorems 1.4, 1.5 and 1.6, and
Corollary 1.3 below). First, we give some notation and we establish a convenient topological context
for this problem. Let F be some class of measurable real valued functions f (bounded or unbounded)
defined on X. Here, F is not assumed to be finite. Denote F3 the set of all bounded measurable real
valued functions defined on X, and (F U F}) the linear span of F U Fy. Define the set

ML= {Q e M sit. / |f(2)] dQ(x) < oo, for all f in ]-"},
X

and the real vector space

Mg = {QEM s.t. /[f(w)]d]@(x)\<oo, for allfinf},
X

in which |@| denotes the total variation of the signed finite measure Q. Note that, when F = F;, then
ML =M and Mr=M

Definition 1.3. Denote 7r the weakest topology on Mz for which all mappings Q € Mz — [ f dQ
are continuous when f belongs to F U Fy. Denote also Toq the weakest topology on (F U Fy) for which
all mappings f € (FUFy) — [, f(x)dQ(x) are continuous when Q € Mx. We sometimes call T the
topology induced by (F U Fp) on M]:, and likewise Toq the topology induced by Mx on (F U Fp).

A base of open neighborhoods, for any R in M endowed with the 7r-topology, is given by

/f )dR(z /f ) dQ

for € > 0 and A a finite collection of functions in (F U Fp).

U(R, A,e) = {Q € Mxr s.t. max

} (1.29)

We refer to Dunford and Schwartz (1962) Chapter 5, for various topologies induced by classes of func-
tions. Note that the class F; induces the so-called 7-topology (see e.g. Groeneboom et al. (1979) and
Génssler (1971)), and that Mz, is the whole vector space M.

The above Tr-topology on M r is indeed the natural and the most convenient one in order to handle
projection properties. It has been introduced in the context of large deviation probabilities by Eichels-
bacher and Schmock (2002) for the Kullback-Leibler divergence and it is used in Statistics in Broniatowski
(2003), Keziou (2003a), and Broniatowski and Keziou (2009). Usually the sets which are to be consid-
ered in statistical applications are not compact but merely closed sets; a typical example is when they
are defined by linear constraints as in (1.13). Hence, the set M, is closed in Mz endowed with the
Tr-topology if the functions g; (which may be bounded or unbounded) belong to F; this motivates the
choice of 7x-topology.

Proposition 1.1. Equip Mz with the Tr-topology and (F U Fp) with the Taq-topology. Then, Mx and
(FUFy) are Hausdorff locally convex topological vector spaces. Further, the topological dual space of M x
is the set of all mappings Q@ € Mx — [, f(x)dQ(x) when f belongs to (FUFy), and the topological dual
space of (F U Fy) is the set of all mappings f € (FUFy) = [, f(x)dQ(x) when Q belongs to M.
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We denote [Mr; 7] and [(F U Fp); 7] the two Hausdorff locally convex topological vector spaces en-
dowed with the 7r-topology and the 7p-topology, respectively.

The following proposition shows that Q@ € [Mz;77] = D,(Q, P) is lower semi-continuous (l.s.c.), pro-
vided that the corresponding convex function ¢ is closed; see Broniatowski and Keziou (2004) Proposition
2.3 and Keziou (2003a) Proposition 2.1.

Proposition 1.2. The divergence function Q — D, (Q, P) from [Mx;7r] to [0,400] is Ls.c.
By the lower semi-continuity of the function @ € [Mz;7x] — D, (Q, P), the following result holds.

Theorem 1.3. Let P be some p.m. and ) some compact subset of [Mg;Tr]. Then there exists at least
one p-projection of P on €.

Using some similar arguments to those used in the proof of Theorem 2.4 in Liese (1977) or Proposition
8.5 in Liese and Vajda (1987) and Fenchel or Hélder inequalities, we state general results for the existence
of ¢-projections of some p.m. P on closed sets 2 of [Mz; x| (see Theorems 1.5 and 1.6 below). First,
in the following Theorem, we give a version of Theorem 2.4 in Liese (1977) or Proposition 8.5 in Liese
and Vajda (1987).

Theorem 1.4. Let Q be some closed set in [M;1]. Assume that the following two conditions

Do (Q, P) := inf D,(Q, P 6 1.
# (2, P) Jnf) #(Q, P) < o0 (1.30)
and
TGO (1.31)
e[ =00 |2]

hold. Then there exists at least one p-projection of P on ().

Remark 1.3. For sets Q) of p.m.’s defined by linear constraints, sufficient conditions for the existence
of K L-projections are presented in Csiszdr (1975) Theorem 3.1, Corollary 3.1 and Theorem 3.3. Suffi-
cient conditions of the existence of p-projections on sets of p.m.’s satisfying linear equality or inequality
constraints are given in Csiszdr (1995) Theorem 3.

Remark 1.4. By FEichelsbacher and Schmock (2002), whenever for all a > 0 and all f € F, it
holds [, exp (a|f(z)|) dP(z) < oo, then the level sets {Q € MY s.t. KL(Q,P)<c} are compact in
[./\/llf;ry:] for all real c. Therefore, for any Tr-closed set @ C ./\/llf for which KL(Q, P) < oo, the
projection of P on Q) exists; see Fichelsbacher and Schmock (2002) Lemma 2.1.

Using Fenchel inequality and some similar arguments to that in Eichelsbacher and Schmock (2002) Lemma
2.1, We generalize the result of Csiszar (1995) Theorem 3 and the result in Remark 1.4 about the existence
of projections, to the class of p-divergences and to 7r-closed sets of signed measures.

Theorem 1.5. Let Q) be some closed set in M x equipped with the Tr-topology. Suppose that the following
three assumptions

D, (2, P) < 00, (1.32)
im 23 o (1.33)
ja| o0 ||
and for every f € F and every o > 0,/ ©* (alf(z)]) dP(x) < o0 (1.34)
X

hold. Then there exists at least one p-projection of P on ().

SNote that this is equivalent to the condition: there exists Q € Q such that D, (Q, P) is finite.
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Using Holder inequality, we give in the following Theorem an other result of existence of p-projection
on closed set in [Mz;77]. In the sequel, |.||, denotes the usual norm of the vector space Lj(X,P),
1 <k < 4o0.

Theorem 1.6. Let € be some closed set in M x equipped with the Tr-topology. Assume that the following
conditions

D, (9, P) < oo, (1.35)

there exists numbers 1 < r,k < 400 such that r 1 + k=1 =

p(z

1,
|7,) >0, and for every f € F, | fll, < oo

lim

hold. Then there exists at least one p-projection of P on €.

Note that the above results do not apply in the case of K L,, and Hellinger divergences since the condition

lim 4|00 % = 400 does not hold. The following Corollary applies without assumption lim|;| ‘pl(Tg‘C) =
400, in particular, in the K L,, and Hellinger divergences cases.
Corollary 1.3. Let Q be a closed set in [M;7]. If the following condition
. dq)
there exists u,l € L1(X, P) such that u < P <1 (P —a.e.) for all Q@ € QN domD, (1.36)

holds, then there exists at least one p-projection of P on €, whenever Dy (S, P) is finite.

1.3 Characterization of p-projections on sets of signed measures

In this Section, we extend known results pertaining to the characterization of the y-projections as can
be found in Riischendorf (1984), Riischendorf (1987), Liese and Vajda (1987), (see also Csiszar (1975)
and Csiszar (1984) for the characterization of K L-projections). These authors have characterized the
p-projections on subsets of M!. We expose similar results when considering subsets of M. We first
consider the case of general subsets 2 of M and then the case of convex subsets of M defined by linear
constraints. Throughout the section, we assume that the convex function ¢ is differentiable.

1.3.1 on general sets

We will use the following assumption

There exists 0 < § < 1 such that for all ¢ in [1 — 4,1+ ], we can find numbers ¢y, ca, c3

such that p(cx) < cip(x) + c2 x| + c3, for all real . (1.37)

Remark 1.5. Condition (1.37 ) holds for all power divergences including KL, KL,, and Hellinger
divergences. Note also that condition (1.57) implies that a, equals 0 or —oo and by, equals 4-00.

Theorem 1.7. Let Q) be a subset of M and Q* be a signed measure in 2 N domD,. Then

(a) Sufficient conditions, for Q* to be a @-projection of P on ), are that (i) ¢'(¢*)q € L1(X, P) and (i)
S @ (@) dQ* < [ ¢'(¢%) dQ, for all Q in QN domD,.

(b) If condition (1.37) holds and ) is convex, then these conditions are necessary as well.
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1.3.2 on sets defined by linear constraints

In this subsection, we consider the problems of existence and characterization of ¢-projections of some
p-m. P on linear set S of measures in M defined by arbitrary family of constraints. So, let G denote a
collection (finite or infinite, countable or not) of real valued functions defined on (X, B). The class G is
assumed to contain the function 1. The set .S is defined by

S = {Q € Mg(P) such that / d@Q =1 and / gdQ =0, for all g in G\ {]1)(}} . (1.38)
X X

The following result states the explicit form of Q*, a ¢-projection of P on S, when it exists.
Theorem 1.8.

(a) Let Q* be some finite measure in SNdomD,,. A sufficient condition, for Q* to be a p-projection of P
on S, is that there exists numbers c1,...,cq € R and functions g1,...,94 € G such that ¢'(¢*(x)) =

g (@) + - + caga(z) (P-a.e.).

(b) Assume that condition (1.37) holds. Then, any p-projection, say Q*, of P on S, if it exists, satisfies

©'(q*) belongs to (G), the closure of (G) in L1(X,|Q*|).

If G is a finite collection of functions in L1 (X,|Q*|), then the vector space (G) is closed in L1 (X, |Q*]).
So, from the above Theorem, we can state the following Corollary :

Corollary 1.4. Let G := {1x,91,...,91} be a finite collection of measurable functions on X. Then the
following results hold.

(a) Let Q* be some measure in S N domD,. A sufficient condition, for Q* to be a -projection of P on
S, is that there exists some constant ¢ € R s.t. ¢ (dd%(a:)) =co+ Zézl cigi(x) (P — a.e.).

(b) Assume that condition (1.37) holds. Then any @-projection, say Q*, of P on S, if it exists, satisfies
: there exists some constant ¢ € R s.t. (%(x)) =co+ ', cigi(z) (|QF| — ace.).

It should be noticed that the above Theorem and Corollary do not provide a definite description of
the projected measure; indeed, it does not give any information on the support of |@Q*|. However, if
©(0) = 400 (which holds for example for the K L,,-divergence), then any ¢-projection Q* of P on some
set €, if it exists, has obviously the same support as P when D, (€2, P) is finite. Furthermore, we prove in
the following Lemma that if ¢/(0) = —oo (which holds for instance in the case of K L, K L,, and Hellinger
divergences), then any @-projection of P on some convex set {2 when it exists has the same support as
P. First, state the following Corollary which applies in the K L,,-divergence case.

Corollary 1.5. Let G be defined as in Corollary 1.4. Assume that assumption (1.37) holds. Suppose
additionally that ¢(0) = 400, and let Q* be some p.m. in S N domDy,. Then the following result holds :
Q* is a p-projection of P on S iff there exists some constant ¢ € R such that

X l
@' (cilCJQD (HT)> =co+ ; cigi(x) (P —a.e.).

Lemma 1.1. Assume that condition (1.37) holds, a, = 0 and ¢'(0) = —oco. Let Q2 be some convex set
of signed finite measures. If there exists some Qo € 0 N domD, such that Ci%z ? 0 (P-a.e.), then any
p-projection, say QF, of P on §, if it exists, has the same support as P, i.e., d% >0 (P-a.e.).

We can now state, from the above Theorem, the following Corollary which applies in the case of KL,
K L,, and Hellinger divergences.
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Corollary 1.6. Let G be defined as in Corollary 1.4. Assume that assumption (1.37) holds. Suppose
additionally that a, =0 and ¢'(0) = —oo. If there exists some Qo € SN domD,, such that dQO >0 (P-
a.e.), then the following result holds : a p.m. Q* in SN domD, is a p-projection of P on S iff there

exists some constant ¢ € R s.t. f (dQ (IL‘)) =co+ 22:1 cigi(z) (P — a.e.).

Remark 1.6. Versions of Theorem 1.8, for sets of p.m.’s, have been proved by Csiszar (1975) and
Csiszdr (1984) for the Kullback-Leibler divergence, and by Rischendorf (1984) and Rischendorf (1984)
for p-divergences between p.m.’s. Broniatowski and Keziou (2006) give the proof of Theorem 1.8, in the
present context, that is when the set S, see (1.38), is a subset of signed finite measures.

1.4 Fenchel duality for ¢-divergences

We refer to Fenchel (1949), Moreau (1962), Brondsted (1964), Rockafellar (1968, 1974) and Ekeland and
Témam (1999) for the notion of Fenchel duality of general convex functions on general vector spaces.
We consider this notion for ¢-divergences functionals @ — D,(Q, P) viewed as convex functions on
the vector space of signed finite measures M r; we give different versions of dual representations for ¢-
divergences (see Theorems 1.9, 1.10, 1.11 and 1.12). In view of the result of Proposition 1.1, we identify
the topological dual space of [Mx;7x] with (F U Fp,) and the topological dual space of [(F U Fp); ]
with Mx. Hence, the Fenchel-Legendre transform (i.e., the convex conjugate) of the convex function
Q € Mxr;7r] = Dy(Q, P) € [0,+00] is defined as follows

D () : f € (FUF) = Dy(f) :== sup {/ f(z)dQ(x (p(Q,P)}, (1.39)

QeEMF

7

which is convex and lower semi-continuous’ w.r.t. the 7rq-topology, the weak topology induced on (FUFy)

by M]:.

By the lower semi-continuity of the convex function @ € [Mxz; 7] — D, (Q, P) € [0, +00] (see Proposition
1.2 above), applying the Fenchel duality theory (see e.g. Rockafellar (1968), Fenchel (1949) or Dembo
and Zeitouni (1998) Lemma 4.5.8), we can state the following result for any ¢-divergence.

Theorem 1.9. The function Q € [Mr;7r] = Dy(Q,P) € [0,+00] is the conjugate of its conjugate
[ € (FUF);mm] = DL(f) defined by (1.39). In other words, the p-divergence Dy(Q, P) admits the

dual representation

D,(Q,P) sup {/ f(z)dQ(x (f)}, for all Q € Mz, (1.40)

f€ ]'—U]'—b
where D (-) is defined by (1.59).

Consider now the problem of computing D} (f) (in particular the equality D} (f) = [, ¢*(f(x)) dP(x)),
and the problems of existence, uniqueness and characterization of a dual optimal solution in (1.40) (i.e.,
a function f € (F U Fp) realizing the supremum in (1.40)), when D, (Q, P) is finite.

In the following Proposition, when ¢ is strictly convex and differentiable, we give the explicit form
of Dy (f) for all f € (FUFp) such that Imf C Tmey'.

Proposition 1.3. Assume that ¢ is strictly convex and differentiable, and that for all f,g € (F U Fp)
such that Imf C Imy', the integrals

/X l9(z) 1(f(x))‘dP(x) and /

X
Then, for all f € (FUF) s.t. Imf C Imy', we have

Dy(f) is inite, and D) = [ (1) apP@) = [ [1e7 = (¢7 )] aP

"Note that the conjugate of a convex function is always l.s.c. w.r.t. the weak topology.

© (cp'*l(f(x))> dP(z) are finite. (1.41)
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Remark 1.7. If the convex function Q € Mx — D,(Q, P) € [0,+00] is proper, i.e.,
there exists at least one measure Qo in Mxz(P) s.t. Dy(Qo, P) is finite, (1.43)

then the integral [, ¢*(f(x))dP(x) is well defined for all f € (FUF). Indeed, for all f € (FUF,) and
for all x € X, by Fenchel’s inequality, we have

¢ ) = ) ) — ¢ (). (1.44)

The RHS term belong to Li(X,P) by assumption (1.43). Hence, the integral [ ¢*(f)dP is well defined.
Moreover, we have —oo < [, ¢*(f)dP < 400 for all f € (FUF). Hence, from Theorem 1.9 we can
state the following result.

Theorem 1.10. Assume that ¢ is differentiable. Then, for all Q € Mz such that D,(Q, P) is finite
and ¢’ ( ) belongs to (F U Fyp), the p-divergence Dy, (Q, P) admits the dual representation

DLQ.P)= sup { [iwaew - [ ueyars), (1.45)

fE(FUF)

and the function f = ¢’ (dQ> is a dual optimal solution. Furthermore, if @ is essentially smooth, then

f is the unique dual optimal solution (P-a.e.).

Theorem 1.10 remains valid if we substitute the vector space (F U Fp) by the arbitrary class of functions
F. We state this result in the following Theorem.

Theorem 1.11. Assume that ¢ is differentiable. Let F be an arbitrary class of measurable real valued
functions on X. Then, for all Q € Mgz such that D,(Q,P) is finite and ¢’ (dQ) belongs to F, the
p-divergence Dy (Q, P) admits the dual representation

D@ P =swp{ [ fw)aaw) - [ o) ar). (1.46)

fer

and the function f := ¢’ (Z—%) is a dual optimal solution. Furthermore, if @ is essentially smooth, then

f is the unique dual optimal solution (P-a.e.).

Remark 1.8. Theorem 1.11, with an appropriate choice of the class F, has been used by Keziou
(2003a) and Broniatowski and Keziou (2009) to introduce an new common definition of the “minimum
p-divergence estimates” in discrete or continuous parametric models. Note that the “plug-in” minimum
p-divergence estimates introduced by Liese and Vajda (1987) Chapter 10 are defined only in discrete
parametric models, see also Lindsay (1994) and Morales et al. (1995). The use of the dual represen-
tation (1.46) allows to give a common definition of the minimum p-divergence estimates in discrete or
continuous parametric models.

Remark 1.9. Other versions of dual representations of p-divergences are given in Borwein and Lewis
(1991) on Li(X,P) spaces, in Borwein and Lewis (1993) on compact metric spaces, and in Léonard
(2001a) on Orlicz spaces. See also Rockafellar (1968) for other convex integral functionals on some
“decomposable” spaces.

Under the following integrability assumption

/ |f(x)| dP(x) is finite, for all f € F, (1.47)
X
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the convex function @ € [Mz£(P);7x] — ¢(Q, P) € [0,400] is proper. Its Fenchel-Legendre transform is

DL(): f € (FUFp);7ml = DL(f) == sup {/ f(x)dQ(x s@(QvP)} € (—o0, 400, (1.48)

QeEMx(P

which is convex and lower semi-continuous. Following Rockafellar (1968), denote L* = (F U Fp,) and
L = M#z(P), then condition (1.47) implies that both L* and L are decomposable. Hence, we can apply
the Corollary of Theorem 2 in Rockafellar (1968), to obtain the following result :

Theorem 1.12. Under assumption (1.47), the convex conjugate function f € (FUFy) — D7 (f) defined
by (1.48) is proper, it can be written as

Dy = [ & (1) dP(@). for ll f € (FUF) (1.49)

and the p-divergence D, (Q, P) admits the dual representation

D,(Q,P) sup {/ f(z)dQ(x / *(f(x)) dP(x)} , for all Q@ € Mxz(P). (1.50)

f€ .7:U.7'—b
In particular, the function Q € [Mx(P);7r] = Dy(Q, P) € [0,+00] is lower semi-continuous.

Remark 1.10. The lower semi-continuity property of the function Q € [Mz(P);7r] = D,(Q,P) €
[0, +00] holds from Proposition 1.2 without assumption (1.47). On the other hand, Theorem 1.11 and 1.12
are of interest particularly when Dy (Q, P) is finite and the class F contains the function f = ¢'(dQ/dP).
In Theorem 1.11, condition on Q, i.e., [, [¢'(dQ/dP)|d|Q| < oo, holds whenever Dy (Q, P) is finite and ¢
satisfies condition (1.37). However, in Theorem 1.12, these conditions do not inevitably imply assumption
(1.47) if the class F contains ¢'(dQ/dP). It is the case, for example, when D, = KL, Q is a normal law
and P is a Cauchy law. Indeed, KL(Q, P) is finite, the assumption [ |log(dQ/dP)| dQ < co in Theorem
1.11 holds while the assumption [ |log(dQ/dP)| dP < oo in Theorem 1.12 does not. This shows the
interest of our Proposition 1.2 and Theorem 1.11.

1.5 Applications to the minimization of divergences on sets of signed
finite measures satisfying linear constraints

In this Section, we apply the results in Sections 1.2, 1.3 and 1.4 to the problem infgens, Dy (Q, P), where
M, is defined in (1.13). Under different assumptions, we obtain the dual equality inf(1.14) = sup(1.15)
and results about the problems of existence, uniqueness and characterization of the dual optimal solution
and the ¢-projections of P on the set M,. We state our results under the following assumptions:

the convex function ¢ is differentiable; (1.51)

there exists at least one @-projection Q* of P on M, with the same support as P. (1.52)
Theorem 1.13. Assume that conditions (1.37), (1.51) and (1.52) hold. Then,

(a) there exists X € R such that o' <dQ (x )) =0+ 2 Ngi(z) (P —a.e),

(b) the equality infoen, Dyp(Q, P) = supyegit {Ao — [y ¢* (AT g(x)) dP(x)} holds, and X is a dual
optimal solution. Furthermore, if the function @ is essentially smooth, then the dual optimal solution
X is unique.

Remark 1.11. Under assumptions of Theorem 1.13, the yp-projection of P on M, is characterized
without supposing that X is an interior point of domDy,. Furthermore, the dual equality holds and the
dual optimal solution is attained. Sufficient conditions for assumption (1.52) are given in Corollary 1.7
and Proposition 1./ below.
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Corollary 1.7. Assume that o is differentiable and strictly convex. If there exists some X € R such
that

/ ® (gp’_l (XTg(a:))> dP < oo and / g(m)Tgo’_l (XTg(a;)) dP(z) = (1,0,...,0)", (1.53)
X X

then,

(a) the measure Q*, defined by dQ*(z) = go'il (XTQ(CC)> dP(x), is the unique @-projection of P on M,.

(b) the equality infoen, Dy(Q, P) = supyegi+i {Xo — [y ¢* (AT g(z)) dP(x)} holds, and X is a dual op-
timal solution. Furthermore, if the function ¢ is essentially smooth, then the dual optimal solution
X is unique.

In particular, the condition (1.53) holds if there exists a dual optimal solution X which is an interior
point of domD7, := {NeRY st [, |e* (ATg(2))| dP(z) is finite} .

Remark 1.12. Note that, if ¢ is differentiable and strictly convex, then under the assumption (1.37),
the conditions (1.52) and (1.53) are equivalent; see Theorem 1.8 part (a) and (b).

We give now in the following Proposition other sufficient conditions for assumption (1.52). The conditions

are
D, (M,, P) < oo (1.54)
m ¢lz) = +00; (1.55)
jal o0 2]
foralla >0, and alli=1,...,1, / ©* (algi(z)]) dP(z) < oo (1.56)
X

there exists numbers 1 < r, k < 400 such that 7} + k71 =1,
i £@)

2] o0 |2]"

>0, and foralli=1,...,1, ||gl, <oo; (1.57)

the functions g1, ..., ¢ belong to Lo (X, P); (1.58)
©(0) = 4o0; (1.59)
a, =0 and ¢'(0) = —oc; (1.60)
d
there exits some Qo € My N domD,, such that % >0 (P—a.e.). (1.61)

Proposition 1.4.
(a) Under assumptions (1.5/), (1.55), (1.56) and (1.59), condition (1.52) holds.
(b) Condition (1.52) holds also under assumptions (1.54), (1.57) and (1.59).

(c) Condition (1.52) holds also if, in part (a), (1.56) is replaced by (1.58) or/and if condition (1.59) is
replaced by [(1.51), (1.60) and (1.61)].

(d) Condition (1.52) holds also if, in part (b), condition (1.59) is replaced by [(1.51), (1.60) and (1.61)].
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Chapter 2

Multivariate divergences

This Chapter presents our results obtained in Keziou (2015) and Keziou (2016). We intro-
duce multivariate divergences between K, K > 1, signed finite measures (s.f.m.) (Q1,...,Qk)
and a given reference probability measure P on a o-field (X, ), extending the well known
divergences between two measures. We investigate the Fenchel duality theory for the in-
troduced multivariate divergences viewed as convex functionals on well chosen topological
vector spaces of signed finite measures. We obtain new dual representations of these cri-
teria, which we will use, in Part 2 Chapter 6, to define a new family of estimates and test
statistics with multiple samples under semiparametric density ratio models. This family
contains the estimate and test statistic obtained through dual empirical likelihood, c.f. Qin
(1998) and Keziou and Leoni-Aubin (2008), in the particular case of two-sample problem.
Moreover, the present approach allows obtaining the asymptotic properties of the estimates
and test statistics both under the null and the alternative hypotheses. This leads to accurate
approximations of the power function for any used criterion, including the dual empirical
likelihood one, which is of its own interest. Moreover, the multivariate divergences context
leads to a new definition of Information criterion, and by product a new model selection
procedure with multiple samples under density ratio models, as well as a new procedure
for multi-group classification, in statistical learning.

2.1 Introduction, notation and motivation

On a measurable space (X, B), let Py be a given reference probability distribution. Denote by M the real
vector space of all signed finite measures (s.f.m.) on (X, B). Let

P() rx = (x1,...,205) " € RE = () € [0, +00] (2.1)

be any nonnegative proper’ closed” convex function on RX, satisfying ¢(1x) = 0, where 15 := (1,...,1)T
RX | and such that (s.t.) 1 is an interior point of the domain of ¥ (-)

domy := {x € RE s.t. |y(x)| < 00} .

We define the ¥-multivariate-divergence between K-signed finite measures (Q1,...,Q k) and a reference
probability measure Py through

DufQunn@uif) = [ v (R G W) dni(a), (2.2)

LA function 4 is called proper if its domain is a non-empty set, and ¥ (a) > —oo, for all .

* A function ¢ : @ € R¥ — (@) € RU {+o0} is called closed if its epigraph epi,, := {(z,y) € R" x Rs.t. ¢(z) <y} is
a closed set in R¥*! endowed with its usual topology. Note that, for convex functions ¥ on (finite dimension space) R,
the closeness of ¥ is equivalent to the lower semi-continuity property, that is all level sets {a} € R¥ s.t. Y(x) < a}, Va € R,
are closed in R¥.
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if Q1,...,Qk are all absolutely continuous (a.c.) with respect to (w.r.t.) Ppy; If there exists at least
one measure @ not a.c.w.r.t. Py, we set Dy(Q1,...,Qk; ) = +oo. In the above integral, %(-)
is the Radon-Nikodym derivative of Qi w.r.t. Fy. Obviously, if K = 1, we obtain the classical def-
inition of p-divergences between two measures (a signed finite measure @)1 and a probability measure
Py). It is clear that any v-divergence is nonnegative, and that the functional (Qq,...,Qx) € MY —
Dy(Q1,...,Qk; Py) € [0,+0c] is convex on the product vector space M, for all given distribution Pp.
Moreover, if the function v(-) is strictly convex on a neighborhood of the vector 1k, then we can prove
the following fundamental property

D¢(Q1, .. .,QK;PU) > 0, with DQ/)(Q]., .. ,QK;P()) =0ifandonly if Q1 =--- = Qg = F. (23)

A former different definition of multivariate divergences (between more than two probability measures)
have been introduced by Gyo6rfi and Nemetz (1978), which requires a common dominating o-finite measure
for all probabilities. These criteria has been used by Zografos (1994), Zografos (1998) and Morales et al.
(1998), to handle multi-sample problems in estimation and testing, for discrete distributions. We note
that the definition of the multivariate divergences of Gyorfi and Nemetz (1978) is not appropriate to
the present context, and it is more adequate for our sake to use the definition (2.2), in particulier, for
applying the duality theory on the divergences functionals (Q1,...,Qk) € M¥ — Dy(Q1,...,Qk; P).
The introduction of the above multivariate divergences is motivated by the following problem. Consider
the following statistical inference problem for multiple density ratio models (MDRM). Suppose we have
at hand 1 + K random samples,

(X0,17 B XO,no) ) (Xl,la s 7X1,n1) P (XK,1> DR XK,nK) 5 (24)

of 1 + K random variables (or vectors) Xo, Xi,..., Xk, defined on a probability space (€2,.4, P) with
values in X = R™,m > 1, and distributions Py, Q1, ..., Qk, respectively. The MDRM postulates that

AQy

b, () =1, (Ok,x), forall k=1,..., K, (2.5)

for some known function r (6%, z), of x € R™, and unknown vector-valued parameters 8y, € O C R+
We require, for all £k =1,..., K, the identifiability of the parameter @, in the sense that

if  75(Og,z) =1£(0),2) Vo — Pp-as., then 6y =0). (2.6)

We denote then by 87 := (8r,...,0%7)" the unique true value of the parameter 8 := (0] ,...,05)" €
O1 X -+ X O. Typical examples of such MDRM models are the following exponential ones

T, (0K, ) = exp {ngk(x)}, E=1,...,K, (2.7)

for some known vector-valued (basis) function

T T 1+d m
= (bk,O(x)abk,l(x)a . -abk,dk(x)) €eR b, x e R™,

by (@) := (bro(a). bi(a) ")
with values in R'™%  and corresponding unknown vector-valued parameters
0, = (Ozk,ﬂg)—r €0, C Rl+dk.

When the exponential MDRM (2.7) is considered, for technical raisons, we will represent the vector
parameter using a different parametrization as 81 := (al, oo, BT ,,BKT) , and will denote

or' = (ole, e QKT ﬁlTT, . ,,@KTT) for the true value of the parameter; ® denotes the new domain
of the parameter 6. Note that the parameter space © is a subset of RE*¢ with d := Zle di. We require
also the first component of b,(-), for each k, to be the constant function one, i.e., byo(-) := Lrm(-),
the indicator function of R". This makes the corresponding first real true value apr, of the vector
01 := (or, Bry ') ', a normalization parameter, for all k = 1..., K. In particular, we have ayr = 0,
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whenever B, = 0. However, the value a; # agr is assumed to be free, for all £k = 1,..., K. We
will assume then, for all k = 1,..., K, that the parameter space O is such that its interior int(©y) in
R!*4% is not void. The basis function vector by (-) in (2.7) may depend on k, with different dimensions
di,...,dg. Observe also that, the distribution P, is unspecified. Only the density ratios are specified
through parametric functions. The components of b, () in (2.7) may be chosen, for instance, to be the
first 1+ dj elements of basis functions. Many other interesting examples of density ratio models, are give
in the book by Sugiyama et al. (2012a), for the two-sample case, in particular, in large dimension (i.e.,
when the dimension m of the variable space is large). Consider the test problem of the null hypothesis

Ho:Q1=---=Qrg =Py against the alternative H; : 3Qx # P, (2.8)
which is equivalent, in the context of the exponential MDRM, to
Ho:Bip =-+=PBgr =0 against the alternative H; : 3B, # 0, (2.9)

since By = 0 implies axp = 0, for all £ = 1,..., K. In view of the basic property (2.3), in order to
perform a statistical test of the above hypotheses, we can use an estimate of Dy (Q1,...,Qk; Fp), and
reject the null hypothesis Hy when the obtained estimate takes large value. The plug-in estimate of

Dy(Q1,...,QK; ) is given by

‘5¢(Q177QK,P0) = DQZJ(@lu“'u@K;ﬁO)v (210)

obtained from the definition (2.2) of the -divergence by replacing the distribution Py, Q1,...,Qx by
their corresponding empirical measures, namely,

R T R 1 o R 1 DK
PO() = 77,70 Z 5X0,i(')> Ql() = 77171 Z 5X1,i(')) SRR QK() = @ Z 5XK,¢(')7 (211)
=1 =1 i=1

associated to the multiple samples given in (2.4). Unfortunately, the above estimate is not generally
well defined, since, the absolute continuity condition is not satisfied (even for large sample sizes, if the
distributions are continuous, or discrete with unbounded support). Moreover, the estimator does not
make use of the semiparametric form of the MDRM. In the following Section, we will give new dual
representations for the 1-divergences, extending to the present multivariate case the dual representations
of divergences between two measures, see Keziou (2003a) and Broniatowski and Keziou (2006), and we
will expose how to use the obtained dual representations to give well defined estimates exploiting the form
of the MDRM, in the prensent multiple sample context. We will apply the Fenchel duality theory for the
convex functionals (Q1,...,Qr) = Dy(Q1,...,QK; Fy) on well chosen product vector space of signed
finite measures, and their corresponding topological dual vector spaces of functions, to be specified in
the following Sections. First, we recall the duality result of convex functions on finite dimensional vector
space, and then the more general case of possibly infinite dimension.

2.2 Fenchel duality of convex functions on finite dimensional vector
space
We refer to Rockafellar (1970) for the proof of the following duality theorem.

Theorem 2.1. Let g(-) : ¢ € RE s g(x) €] — 00, +0] be a proper convex function. Denote by g*(-) its
convex conjugate, called also Fenchel-Legendre transform, defined by

g():te RE g (t) = suRpK {{t,x) — g(x)} €] — 00, +0], (2.12)

where (t,x) ==t x := Zfil tix; is the inner product on R . Consider the convex conjugate of the proper
convex function g*(-), i.e., the function

g7() rx e RN o g™ () := Sup {(t,2) — g"(t)} €] — 00, +-o0].



34 Multivariate divergences

If g(-) is lower semi-continuous (l.s.c.), then we have for all € € RX, g(x) = ¢**(x), namely,

g(x) = sup {(t,x) —g*(t)}, forall xcRE (2.13)
teRK

where g*(+) is given by (2.12).

The above theorem means that any proper convex function on RX | if it is Ls.c., can be represented as
the convex conjugate of its convex conjugate. By applying the above theorem, we obtain for the function
¥(+), the representation

Y(x) = sup {(x,t) —*(t)}, forall xeRE, (2.14)
teRK
where
Yt = (t1,...,tx)" € RE, *(t) == sup {(t,x) —¢(z)}. (2.15)
zeRK

We give in the following lines, some properties of the convex conjugate ¢*(-) of ¢(-). For the proofs, we
can extend, to the present multivariate case, the arguments in Section 26 of Rockafellar (1970). One can
show that t*(-), in turn, is convex, closed, and proper, since ¥*(t) > —oo, for all t € RX, and 1*(0) = 0.
It takes its values in | — 0o, +-00]. Moreover, the strict convexity of () on its domain dom,, is equivalent
to the condition that 1*(-) is “essentially smooth”, i.e., it satisfies both conditions : differentiability
on int(domy«) and the condition that, if the boundary points set of domy-« is not void, the directional
derivatives, for all boundary point a of dom,«, satisfy

lim @Z)*/(y; €T — y) = lim lim Y (y + /\(w — y)) - W(y)

= +o00,Vx € domy+. (2.16)
y—ra,yEdom,y* y—ra,y€domy« A0 A

In (2.16), ¥*'(y; & —y) denotes the derivative of ¢*(-) at the point y in the direction & — y, which always
exists, may be infinite, since ¢*(-) is convex. Conversely, 9(-) is essentially smooth if and only if )*(-) is
strictly convex on its domain domy«. Assume that ) is differentiable on int(domy), and denote by . (-)

the partial derivative %(-), for all k =1,..., K. Then, we can give the explicit expression of ¢*(t) for
all t € { (¢}, (z),..., ¢}, (®)) st. x €int(domy)}. Indeed, one can show that, V& € int (domy) C RE,

K
U (W (@), W () =) apth, (@) — (). (2.17)
k=1

2.3 Fenchel duality of convex functionals on possibly infinite dimen-
sional vector spaces

We refer to Dembo and Zeitouni (1998), for the proof of the following duality theorem, for convex
functionals on more general vector spaces, with possibly infinite dimension.

Theorem 2.2. Let S be a locally convexr Hausdorff topological vector space (l.c.h.t.v.s.), and g(-) : S —
| — 00, +00] be a proper convez function. Denote by g*(-) the convex conjugate of g(-), i.e., the proper
convez function on 8* (the topological dual of S) with values in | — 0o, +00], defined by

g () LeS — gl = 51612 {l(x) —g(x)}. (2.18)

If g(+) is l.s.c. on S, then we have the following dual representation for g(-)

g(z) = eseusp* {l(x) —g*(£)}, VYxeS. (2.19)
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2.4 Dual representations of the multivariate i-divergences

We will apply the above theorem in order to obtain dual representations for i-divergences. We will
look at 1)-divergences as convex functionals (Q1,...,Qx) — Dy(Q1,...,Qxk; Py) on the product vector
space of K well chosen vector spaces of signed finite measures. Here, P, is a fixed reference probability
measure. The question is how to chose the vector spaces S (of signed finite measures) and the topology,
on which the w-divergence functionals satisfy all conditions of the above duality theorem? At the same
time, we need to determine the corresponding topological dual space, in order to get sufficiently explicit
representations. We give answers to these questions in the following. Let F := F; X --- X Fg be a
collection of measurable functions defined on X with values in RX. We will denote by f1,..., fx the K
components of any function f € F. The spaces X and R¥ are endowed, respectively, by the o-field B
and the Borel o-field B(RX), induced by the usual topology of R. Denote by Fj the real vector space
of all bounded measurable functions on X with values in R¥. Define the real (product) vector space

M.’F:: {(le"'vQK)EMK : A|fk(x)|d|Qk(x)<+ank:177K7v(f1’7fK)6‘7:}’ (220)

and denote by (F U Fp) the real vector space induced by the collection F U Fp. We will use now the
following weak-topology. We equip M]: with the 7£-topology, the weakest one that makes any linear
mapping (Q1,...,Qk) € Mx — Zk 1 v fr(x) dQi(x) € R continuous, for all f € (FUFy). A base of
open neighborhoods for any measure vector (Ry, ..., Rx) € Mg is given by

e}, (2.21)

K K
frdRy — frdQr| <
z/ ) z/ )

where ¢ > 0, and A is a finite collection of functions f := (f1,..., fx)" in (FUZF). We refer to Chapter
5 in Dunford and Schwartz (1962) for different weak topologies induced by different classes of functions.
Then, we have (the proof is given in Keziou (2015) and Keziou (2016)).

N ((R1,...,RK),Aye) = {(Ql,...,QK) € Mg s.t. max
feA

Proposition 2.1. (a) The real vector space Mg, equipped with the Tx-topology, is locally convex
Hausdorff topological vector space; and the topological dual of Mx is given by

K
Mz = {(Ql,---,QK) € Mgz Z/ka(x)ko(w); fe (7U7b>} = (FUFp);
P

(b) The proper convex function (Q1,...,Qk) € Mz = Dy(Q1,...,QKk; Fy) is lower semi-continuous.

In view of the above proposition, the Fenchel-Legendre transform of the proper convex function Dy (-; Fp) :
(Q1.-..,Qk) € Mz = Dy(Qi,..., Qx; Po) s given by

D;Z() : f S <.FU.7:b> — D:L(f) = sup { / flc ko Dw(Ql,...,QK;Po)}

Q1. Qr)EM £

= Q1 dQx
_(Ql, ,ZipeM { /f’“ ) dQk(x /){@/J(dpo(:v),-.., b, (m)) dPo(x)}

where, in the last equality, the supremum is restricted to the subset
Mi-o ={(Q1,...,Qr) € Mg st. Qisa.cwrt. P,Vk=1,...,K} (2.22)

since Dy (Q1,...,QKk;FPy) = +oo for all (Q1,...,Qk) & /Vl;;o. In the following proposition, we give,
under some assumptions, explicit formula for the convex conjugate D;Z() Moreover, we will prove that
Dy (-) = Dy+(-), in the sense that

:/Xl/;* (fi(2),..., fx(@)) dPy(x), Yf:=(f1,...,[x) € (FUF).
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Proposition 2.2. Assume that, 1(-) is differentiable on the interior of its domain domy, and denote
by w;k('), the partial derivatives %(‘),Vk =1...,K. Then, for all (Q1,...,Qr) € Mz such that

Dy(Q1,...,Qr; Py) < oo and (¢g1(dQ1/dP0, e dQr [ Py), .. ,¢;K(dQ1/P0, - ,dQK/dPO)) e (FU
Fu), the i-divergence Dy (Qn, ..., Qk; Po) admits the dual representation

Dy(Q1,-..,Qr; Po) =  sup { /fk: ) dQy(z /@ZJ (fi(z ---,fK(ff))dPO(x)}, (2.23)
FE(FUF)
and the function
<ion o (. (A& dQK ;[ d@a dQK
Fla) = (u, (G G @ ) oty () o)) ), 22

is a dual optimal solution. Furthermore, if () is essentially smooth, then the dual solution f(-) above
is unique (Py-a.s.).

The above proposition remains valid if the vector space (F U Fy) is restricted to the class of functions
F. We state this result in the following theorem.

Theorem 2.3. Assume that, () is differentiable on the interior of its domain domy. Then, for all
(Q1,...,QK) € MxF such that Dy(Q1,...,Qk; Py) < oo and
(v, (dQ1/dPy,...,dQk /Po), ..., ¥}, (dQ1/ Py, ...,dQx /dRy)) € F, the -divergence Dy(Q1, . .., Qx; Po)

admits the dual representation

Dy(Q1,...,Qk; Ry) —Sup{ /fk ) dQp(x /w (fi(z),..., fr(x)) dPo(af)}v (2.25)

feF

and the function

7= (vt (G @ G @) oty (G @) ) ) e 2,

is a dual optimal solution. Furthermore, if 1)(-) is essentially smooth, then the dual solution f(-) above
is unique (Py-a.s.).
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Chapter 3

Parametric Estimation and Tests

We introduce estimation and test procedures through divergence optimization for paramet-
ric models not necessary discrete. This approach is based on our dual representations for
divergences, presented in Part 1 Chapter 1. We treat point estimation and tests for simple
and composite hypotheses, extending maximum likelihood technique. An other view at
the maximum likelihood approach, for estimation and test, is given. We prove existence
and consistency of the proposed estimates. The limiting distributions of the estimates and
test statistics (including the classical likelihood ratio one) are given both under the null
and the alternative hypotheses, and approximation of the power functions is deduced. A
new procedure of constructing confidence regions, when the parameter may be a boundary
value of the parameter space, is proposed. A solution to the irregularity problem of the
generalized likelihood ratio test pertaining to the number of components in a mixture is
given, and a new test, based on y?-divergence on signed finite measures and duality tech-
nique, is proposed. For proofs and simulation results, we refer to Broniatowski and Keziou
(2009).

3.1 Introduction and notation

In this Chapter, we consider the problems of estimation and tests using ¢-divergences. An i.i.d. sample
X1,...,X,, with common unknown distribution P, is observed and some p.m. @ is given. We aim to
estimate D (Q, P) and, more generally, infgcq Dy, (Q, P), where € is some set of measures, as well as the
measure Q* achieving the infimum on 2. In the parametric context, these problems can be well defined
and lead to new results in estimation and tests, extending classical notions.

Statistical examples and motivations

Let Qo and P be two p.m.’s with common support S. Introduce a finite partition Ay,...,Ap of S
(when S is finite this partition is the support of Q). The quantization method consists in approximat-
ing D, (Qo, P) by 25:1 ® (%)(%?j)) P(A;) which is estimated by B;(Qo, P) = Z?ZI ® (%ﬁgﬁj;) Po(A;)),
where P, is the empirical measure associated to the data. In this vein, goodness of fit tests have been
proposed by Zografos et al. (1990) for fixed number of classes, and by Menéndez et al. (1998) and Gyorfi
and Vajda (2002) when the number of classes depends on the sample size. We refer to Pardo (2006)
which treats these problems extensively and contains many more references.

Let {Py; 0 € ©} be some parametric model with © a set in R?. On the basis of an i.i.d. sample X1, ..., X,
with distribution Py, we want to estimate 67, the unknown true value of the parameter and perform
statistical tests on the parameter using (p-divergences. When all p.m.’s Py share the same finite support
S, Liese and Vajda (1987), Lindsay (1994) and Morales et al. (1995) introduced the so-called “Minimum
p-divergences estimates” (M@DE’s), Minimum Disparity Estimators in Lindsay (1994), of the parameter
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O7, defined by

0, := arg 012& Dy, (Fy, P), (3.1)

where D, (P, P,) is the plug-in estimate of D, (P, Py, ) for a given §# € ©. Various parametric tests
can be performed based on the previous estimates of ¢-divergences; see e.g. Lindsay (1994), Morales
et al. (1995), Pardo et al. (2002) and Menéndez et al. (2003). The class of estimates (3.1) contains the
maximum likelihood estimate (MLE). Indeed, when ¢(z) = ¢o(x) = —logz + x — 1, we obtain

OxL,, = arg mf KLn(Fp, Pn) = arg ;géjEZS —log(Py(j))Pu(j) = MLE. (3.2)

The MpDE’s (3.1) are motivated by the fact that a suitable choice of the divergence may lead to an
estimate more robust than the ML one (see e.g. Lindsay (1994), Basu and Lindsay (1994) and Jiménez
and Shao (2001)).

When interested in testing hypotheses Hg : O = 60y against alternatives Hy : 07 # 6y, where 6; is a
given value, we can use the statistic D, (Fp,, P,), the plug-in estimate of the -divergence between Py,
and Py, rejecting Ho for large values of the statistic; see e.g. Cressie and Read (1984). In the case
when p(z) = —logz + = — 1, the corresponding test based on K L, (Py,, P,) does not coincide with
the generalized likelihood ratio one, which is defined through the generalized likelihood ratio (GLR)

An = 2log Supﬁz {%Z?(% ()Xi). The new estimate I/(Em(Pgo, Py,) of KLy, (Py,,Ps,), which is proposed in

the present Chapter, leads to the generalized likelihood ratio test; see Remark 3.7 below.

When the support S is continuous, the plug-in estimates (3.1) are not well defined; Basu and Lindsay
(1994) investigate the so-called “minimum disparity estimators” (MDE’s) for continuous models, through
some common kernel smoothing method of P, and Py. When ¢(z) = —logx+x — 1, this estimate clearly,
due to smoothing, does not coincide generally with the ML one. Also, the test based on the associated
estimator of the K Ly, (Py,, Py,) is different from the generalized likelihood ratio one. Further, their esti-
mates poses the problem of the choice of the kernel and the window. For Hellinger distance, we refer to
Beran (1977). For nonparametric goodness-of-fit test, Berlinet et al. (1998) and Berlinet (1999) proposed
a test based on the estimation of the K L,,-divergence using the smoothed kernel estimate of the density.
The extension of their results to other divergences remains an open problem; see Berlinet (1999), Gyorfi
et al. (1998), and Berlinet et al. (1998). All those tests are stated for simple null hypotheses; the case of
composite null hypotheses seems difficult to handle by the above technique. In the present Chapter, we
treat this problem in the parametric setting.

When the support S is discrete infinite or continuous, then the plug-in estimate D, (Fp, P,) usually
takes infinite value when no use is done of some partition-based approximation. In Broniatowski (2003),
a new estimation procedure is proposed in order to estimate the K L-divergence between some set of
p-m.’s  and some p.m. P, without making use of any partitioning nor smoothing, but merely making
use of the well known “dual” representation of the K L-divergence as the Fenchel-Legendre transform
of the moment generating function. Extending the paper by Broniatowski (2003), we will use the new
dual representations of (p-divergences, see Keziou (2003a) Theorem 2.1 and Broniatowski and Keziou
(2006) Theorem 4.4, to define the minimum ¢-divergence estimates in both discrete and continuous
parametric models. These representations are the starting point for the definition of estimates of the
parameter fp, which we will call “minimum dual @-divergence estimates” (MD@DE’s). They are defined
in parametric models {Py;0 € O}, where the p.m.’s Py do not necessarily have finite support; it can
be discrete or continuous, bounded or not. Also the same representations will be applied in order to
estimate Dy, (Py,, Py, ) and infygcg, D, (FPy, Py, ) where 6y is a given value in © and Oy is a given subset of
©, which leads to various simple and composite tests pertaining to 67. When ¢(z) = —logz + x — 1, the
MDD estimate coincides with the maximum likelihood one (see Remark 3.2 below); since our approach
includes also test procedures, it will be seen that with this peculiar choice for the function ¢, we recover
the classical likelihood ratio test for simple hypotheses and for composite hypotheses (see Remark 3.7
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and Remark 3.10 below). A similar approach has been proposed by Liese and Vajda (2006); see their
formula (118). In any case, an exhaustive study of MpDE’s seems necessary, in a way that would include
both the discrete and the continuous support cases. This is precisely the main scope of this Chapter.
The remainder is organized as follows. In Section 2, we recall the dual representations of p-divergences
obtained in Keziou (2003a) Theorem 2.1 and Broniatowski and Keziou (2006) Theorem 2.4. Section 3
presents, through the dual representation of p-divergences, various estimates and tests in the parametric
framework and deals with their asymptotic properties both under the null and the alternative hypotheses.
The existence and consistency of the proposed estimates are proved using similar arguments as developed
in Qin and Lawless (1994) Lemma 1. We use the limiting laws of the proposed test statistics, in a similar
way to Morales and Pardo (2001), to give approximations to the power functions of the tests (including
the GLR one). Observe that the power functions of the likelihood ratio type tests are not generally
known; one of our contributions is to provide explicit power functions in the general case for simple or
composite hypotheses. As a by-product, we obtain the minimal sample size which ensures a given power,
for quite general simple or composite hypotheses. In Section 4, we give a solution to the irregularity
problem of the GLR test of the number of components in a mixture; we propose a new test based on the
x2-divergence on signed finite measures, and a new procedure for constructing confidence regions for the
parameter in the case where 67 may be a boundary value of the parameter space ©. We sometimes write
Pf for [ f dP for any measure P and any function f, when defined. For more details, proofs and many
simulation results, we refer to our paper Broniatowski and Keziou (2009).

3.2 Parametric estimation and tests through minimum p-divergence
approach and duality technique

We consider an identifiable parametric model {Fp;0 € ©}, defined on the Borel o-field (R™, B(R™)),
where O is some set in R%. For brevity, we write D, (0, a) instead of D,(Py, Py). We assume that for
any 0 in ©, Py has density pg with respect to some dominating o-finite measure A, which can be either
with countable support or not. Assume further that the support S of the p.m. Py does not depend upon
6. On the basis of an i.i.d. sample X1, ..., X,,, with distribution P, we intend to estimate 07, the true
unknown value of the parameter, which is assumed to be an interior point of the parameter space ©. We
will consider strictly convex essentially smooth functions . We will use the following assumption

/m o (p‘)(x)>’ dPy(z) < . (3.3)

Pa()
there exists 0 < 6 < 1 such that for all ¢ in [1 — 0,1 + 4], one can find numbers ¢y, 2, c3 such that
p(cx) < () + o x| + ¢, for all real x,

Note that if the function ¢ satisfies

(3.4)
then the assumption (3.3) is satisfied whenever D, (6, ) < 0o; see e.g. Broniatowski and Keziou (2006)
Lemma 3.2. Also the real convex functions ¢, (1.5), associated to the class of power divergences, all
satisfy the condition (3.4), including all standard divergences. For a given 6 € ©, consider the class of
functions

F=Fp:= {xeRmH@'<§Ziz;>€R§a€@}- (3.5)

Applying Theorem 1.11, when assumption (3.3) holds for any « € ©, we obtain

D,0.00) = swp { [ f@)ame) - [ o () ann (@)},

fe€Fy

which, by (1.10), can be written as

=gy () o [ (2) (@)} on
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Furthermore, the supremum in this display is unique and it is achieved at o = 67, independently upon
the value of 0. Hence, it is reasonable to estimate D, (0,07) := [ ¢(pg/peo,) dPy,, the @-divergence
between Py and Fy,., by

syl () - ()] ) o
acO m Pa R™ | Pa Pa Pa

in which we have replaced Py, by its estimate P,, the empirical measure associated to the data. For a
given f € ©, since the supremum in (3.6) is unique and it is achieved at o = 0, define the following
class of M-estimates of O

Q,(0) := arg sup {/ ¢’ <pe> dPy — [pegpl <pg) —p (pe)] dPn} (3.8)
ac® LJ/Rm Pa R™ [Pa Po Pa

which we call “dual p-divergence estimates” (DpDE’s); (in the sequel, for simplicity, we sometimes write
@ instead of a,(#)). Further, we have infgce Dy (0, 07) = Dy (67, 607) = 0 and the infimum in this display
is unique and it is achieved at 8 = 0p. It follows that a natural definition of minimum ¢-divergence
estimates of 67, which we will call “minimum dual p-divergence estimates” (MDpDE’s), is

éza := arg inf sup / ¢ Py dPy — p—@gpl Py — Py dP, ¢ . (3.9)
0€0 qco | JR™ Pa R™ | Pa Pa Pa

In order to simplify formulas (3.7), (3.8) and (3.9), define the functions

m po(x) <P9($)> (Pe(ﬂﬁ))
0,a) :x € R"— g(0,a, 1) := — € R, 3.10
5(6,2) 91 ) pa(@)’ \pal@)) 7 \palo) (310
f0,):z e R" — f(0,a,2) := ¢’ <p€($)> eR (3.11)
Pa(z)
and
h(f,a) : x € R™ — h(0,a,z) := Pyf(0,0) — g(0,,x) € R. (3.12)
Hence, (3.7), (3.8) and (3.9) can be written as follows
1/9;(0, Or) := sup P,h(0,a), (3.13)
a€cO
a,(0) := arg sup P,h(6, a) (3.14)
ac®
and R
0, := arg ggé zlelg P,h(0, ). (3.15)
Formula (3.6) can be written then as
Dy (0,07) = sup Py, h(0, ). (3.16)
a€cO

If the supremum in (3.14) is not unique, we define the estimate @,(#) as any value of o € © that
maximizes the function o € 6 — P,h(0,«). Also, if the infimum in (3.15) is not unique, the estimate
6@, is defined to be any value of § € O that minimizes the function 6 — sup,cgq Pnh(6, ). Conditions
assuring the existences of the above estimates are given in Sections 3.1 and 3.2 below.

Remark 3.1. For the Ly distance, i.e., when ¢(x) = |z — 1|, formula (3.6) does not apply since the
corresponding ¢ function is not differentiable. However, using the general dual representation of diver-
gences given in Keziou (2003a) Proposition 2.2 and Broniatowski and Keziou (2006) Theorem 4.1, we
can obtain an explicit formula for Ly distance avoiding the differentiability assumption. A methodology
on estimation and testing in Ly distance has been proposed by Devroye and Lugosi (2001), and its conse-
quences for composite hypothesis testing and for model selection based density estimates for nested classes
of densities are presented in Devroye et al. (2002) and Biau and Devroye (2005).
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Remark 3.2. (An other view at the ML estimate). The mazimum likelihood estimate belongs to
both classes of estimates (3.14) and (3.15). Indeed, it is obtained when p(x) = —logx +x — 1, that is as
the dual modified K L-divergence estimate or as the minimum dual modified K L-divergence estimate, i.e.,
MLE=D(K Ly,) DE=MD(K Ly,) DE. Indeed, we have Pyf(6,a) = 0 and Pyh(0,0) = — [ log (gj—g) dP,.
Hence by definitions (3.8) and (3.9), we get

akr,, (0) = arg sup —/log <pa> dP, = arg sup/log(pa) dP, = MLE
acd ! ac®

independently upon 0, and

§KLm = arg inf sup —/log (pa> dP, = arg sup/log(pg) dP, = MLE.
€0 aco Da 0co

So, the MLE can be seen as the estimate of O that minimizes the estimate of the K L,,-divergence between

the parametric model {Py; 0 € ©} and the p.m. Pp,.

3.2.1 The asymptotic properties of a,(f) and Z/D;(H,HT) for a given 6 in ©

This Section deals with the asymptotic properties of the estimates (3.13) and (3.14). We will use similar
arguments as those presented in van der Vaart (1998) Section 5.2 and 5.6 under classical conditions, for
the study of M-estimates. In the sequel, we assume that condition (3.3) holds for any a € ©, and use
| - || to denote the Euclidean norm in R?. Consider the following conditions

(c.1) The estimate a,(0) exists;
(c.2) supyee |Puh(0, ) — Py, h(6, )| converges to zero a.s. (resp. in probability);

(c.3) for any positive €, there exists some positive 1 such that for all a € © satisfying ||a — 07| > € we
have PgTh(e, a) < PgTh(e, HT) —1.

Remark 3.3. Condition (c.1) is fulfilled for example if the function o € © — P,h(0,«) is continuous
and © is compact. Condition (c.2) is satisfied if {x — h(0,a,x); a € O} is a Glivenko-Cantelli class of
functions. Condition (c.3) means that the maximizer o = O of the function o — Py, h(0, ) is well-
separated. This condition holds, for example, when the function o € © — Py h(8, ) is strictly concave
and © is convex, which is the case for the following two examples.

Example 3.1. Consider the case ¢(x) = —logxz 4+ x — 1 and the normal model {N(a,1); a € © = R}.
Hence, we obtain

Py h(6, ) = %(9 —00)% — S(a— 62 (3.17)

N

)

We see that condition (c.3) is satisfied; we can choose n = .

Example 3.2. Consider the case p(x) = —logx + x — 1 and the exponential model

{pa(z) = aexp(—azx); o € ©® =R% }. Hence, we obtain

0
Py, h(0,0) = —logf + — +log o — g, (3.18)
Or Or

which is strictly concave (in o). Hence, condition (c.3) is satisfied.

Proposition 3.1. (a) Under assumption (c.1-2), the estimate l/?;(ﬁ,GT) converges a.s. (resp. in prob-
ability) to D, (6, 0r).

(b) Assume that the assumptions (c.1-2-3) hold. Then the estimate 0i,(0) converges in probability to 6.
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Assume that 7 is an interior point of O, the convex function ¢ has continuous derivatives up to 4th
order, and the density p,(x) has continuous partial derivatives up to 3th order (for all z A —a.e). Denote
/ T
(;)pg)(x) d\(z). In the following theorem, we give the
T

limiting laws of the estimates ai,(6) and 1/):,;(0, 07). We will use the following assumptions.

. . . . P
Iy, the Fisher information matrix Iy, := me or

(A.0) The estimate a,(6) exists and is consistent;

(A.1) There exists a neighborhood N(0r) of 67 such that the first and second order partial derivatives
(w.r.t @) of (6, , z)pg(x) are dominated on N (67) by some A-integrable functions. The third order
partial derivatives (w.r.t «) of h(6, v, x) are dominated on N (61) by some Py, -integrable functions;

(A.2) The integrals Py.. ||(8/da)h(8,07)|* and Py, H(@W@oﬁ)h(@, GT)H are finite, and the matrix
Py, (0%/0a?)h(0,0r) is non singular;

A.3) The integral Py h(0,607)? is finite.
(A.3) gral Py,h(0,

Theorem 3.1. Assume that assumptions (A.0-1-2) hold. Then, we have

(a) /n(ay(0) — 07) converges in distribution to a centered multivariate normal random variable with
covariance matrix

Vo(0,0r) =S tMS! (3.19)

with S := — Py, (0?/0a2)h(0,01) and M := Py,.(3/0a)h(8,07)(0/0a) " h(8,0r).
If 00 = 6, then V,,(0,67) = V(07) = I, .

(b) If 60 = 0, then the statistic (p?,—’&)l/);(ﬁ, O1) converges in distribution to a x* random variable with
d degrees of freedom.

(c¢) If additionally assumption (A.3) holds, then when 0 # Or, we have \/n (@(G,HT) — D¢(0,9T))
converges in distribution to a centered normal random variable with variance

02(0,07) = Py, h(0,07)> — (Po, h(0,07))°. (3.20)

Remark 3.4. Our first result (Proposition 3.1 above) provides a general solution for the consistency of
the global maximum (3.14) under strong but usual conditions, also difficult to be checked; see van der
Vaart (1998) Chapter 5. Moreover, in practice, the optimization in (3.14) is handled through gradient
descent algorithms, depending on some initial guess oy € ©, which may provide a local maximum (not
necessarily global) of P,h(6,.). Hence, it is desirable to prove that in a “neighborhood” of f7 there
exits a maximum of P,h(f,.) which indeed converges to Or; this is the scope of Theorem 3.2, in the
following subsection, which states that for some “good” ag (near f7) the algorithm provides a consistent
estimate. It is well known that, in various classical models, the global maximizer of the likelihood
function may not exist or be inconsistent. Typical examples are provided in mixture models. Consider
the Beta-mixture model, given in Ferguson (1982) Section 3, pg(x) = 0g(z|1,1) 4+ (1 — 0)g(x|v(0), 5(0)),
where © = [1/2,1], g(z|y(8), 8(0)) is the Be(v, 8)-density and v(0) = 6§(0) and 5(6) = (1 — 6)5(0) with
5(0) — +oo sufficiently fast as @ — 1. The ML estimate converges to 1 (a.s.) whatever the value of 6 in
©; see Ferguson (1982) Section 3 for the proof. However, if we take for example 7 = 3/4, Theorem 3.2
hereafter proves the existence and consistency of a sequence of local maximizers under weak assumptions
which hold for this example. Other motivations for the results of Theorem 3.2 are given in Remark 3.5
below.
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Existence, consistency and limiting laws of a sequence of local maxima

We use similar arguments as developed in Qin and Lawless (1994) Lemma 1. Assume that 67 is an
interior point of O, the convex function ¢ has continuous derivatives up to 4th order, and the density
pa(x) has continuous partial derivatives up to 3th order (for all x A — a.e). In the following theorem, we
state the existence and the consistency of a sequence of local maxima a(0) and 5;(9, 0r). We give also
their limiting laws.

Theorem 3.2. Assume that assumptions (A.1) and (A.2) hold. Then, we have

(a) Let B(Op,n~1/3) := {a€®; [la—-07] < n_1/3}. Then, as n — oo, with probability one, the
function o — P,h(0, o) attains its mazimum value at some point a,(0) in the interior of the ball
B, and satisfies P, (0/0a)h(0,a,(0)) = 0.

(b) /n(ay(8) — 0r) converges in distribution to a centered multivariate normal random variable with
covariance matriz

V,(0,07) = STTMS™L. (3.21)

(c) If Op = 0, then the statistic %@(0, O1) converges in distribution to a x* random variable with
d degrees of freedom.

(d) If additionally assumption (A.3) holds, then when 0 # 67, we have
Vn (5;(9, Or) — D¢(0,9T)) converges in distribution to a centered normal random variable with

variance 03(9, Or).
Remark 3.5. The results of this theorem are motivated by the following statements

- The estimates a,(0) can be calculated if the statistician disposes of some preknowledge of the true
unknown parameter Or.

- The hypotheses are satisfied for a large class of parametric models for which the support does not
depend upon 6, such normal, log normal, exponential, Gamma, Beta, Weibull, ... etc; see for
example van der Vaart (1998) Paragraph 5.43.

- The maps h(0,a) : © — h(f,a,z) and (8,) — Py, h(0,a) are allowed to take the value —oo; for
example, take p(x) = —logx + x — 1, and consider the model

{P, = aCauchy(0) + (1 — «)N(0,1); o € O},
with © = [0,1] and 7 = 1/2. Then, Py, h(0,1) = —oco for all § €]0,1].
- The theorem states both existence, consistency and asymptotic normality of the estimates.
- The estimate o, (8) may exist and be consistent whereas ai,(0) does not in many cases.

- One interesting situation also is if the map o € © — P,h(0,«) = 0 is strictly concave and © is
convex; the estimates o, () and a,(0) are the same.

Remark 3.6. Using Theorem 3.1 part (c), the estimate l/);(GO,GT) can be used to perform statistical
tests (asymptotically of level €) of the null hypothesis Ho : Op = 6y against the alternative Hy : 67 # 6
for a given value 6. Since Dy(0y,0r) is nonnegative and takes value zero only when O = 6y, the tests
are defined through the critical region

2n
¢ (1)

where X?l(l — €) is the (1 — €)-quantile of the x2-distribution with d degrees of freedom. Note that these
tests are all consistent, since Dy(0,07) are n-consistent estimates of Dy (0o, 01) = 0 under Ho, and

C,(00,07) := { D (00, 07) > X231 — e)} (3.22)
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V/n-consistent estimate of Dy, (6o, 01) > 0 under H1; see part (b) and (c) in Theorem 3.1 above. Further,
the asymptotic result (c) in Theorem 3.1 can be used to give approximation of the power function Op —
B(07) := Py, (Cyp(bo,07)). We obtain then the following approzimation

vn [@”(1)
U¢(90,9T) 2n

where Fyr is the cumulative distribution function of a normal random variable with mean zero and variance
one. An important application of this approximation is the approzimate sample size (3.2/]) below that
ensures a power [3 for a given alternative Op # 6. Let ng be the positive root of the equation

O'cp(gffeT) [@;S)X?l(l =€) = Dy (o, 9T)]>

B(Or) ~1— Fy ( X3(1 =€) — Dy(0o, eT)D (3.23)

ﬁzl—FN<

%—O?Q(i;zw where a = Ui(GO,HT) [FJ\_/I(I — 6)]2 and b = go”(l)xfl(l —€)Dy(00,07). The

required sample size is then

1.e., ng =

n* = [ngl +1 (3.24)
where [.] is used here to denote “integer part of”.

Remark 3.7. (An other view at the generalized likelihood ratio test and approximation of
the power function through KL,, -divergence). In the particular case of the K Ly,-divergence, i.e.,
when p(x) = po(x) := —logx + x — 1, we obtain from (3.22) the critical area

o TL* o Xz
Ot (00, 0r) = {2n sup P, log (p) > 31 e>} - {mog Spaco lliiPalXi) 0y e>} ,
Q€O 0o Hizl Doy (Xz)

which s to say that the test obtained in this case is precisely the generalized likelihood ratio one. The
power approximation and the approrimate sample size guaranteeing a power [ for a given alternative (for
the GLRT) are given by (3.23) and (5.24), respectively, where ¢ is replaced by wo and Dy by K Ly,.

3.2.2 The asymptotic behavior of the MDyDE’s

We now explore the asymptotic properties of the estimates {/9\50 and ap(é\@) defined in (3.15) and (3.14). We
assume that condition (3.3) holds for any «, § € ©. We state consistency under the following assumptions

(c.4) The estimates @0 and a@@) exist.
¢.5) sup P,h(0,a) — Py .h(0,a)| tends to 0 in probability;
{a,0€0} T

(a) for any positive €, there exists some positive 7, such that for any « in © with [ja — 07| > €
and for all 0 € O, it holds Py, h(0, ) < Py, h(0,01) —n;
(b) there exists a neighborhood of 87, say N(07), such that for any positive €, there exists some

positive n such that for all &« € N(fr) and all § € © satisfying |6 — 07| > ¢, it holds
PeTh(9T7a) < PQTh(ea Oé) =

(c.6) there exists some neighborhood N (67) of 7 and a positive function H such that for all o in N (07),
|\h(0r, o, x)|| < H(z) (Pyp-a.s.) with Py, H < oc.

Remark 3.8. Condition (c.5) is fulfilled if {z — h(0,a); (6,a) € ©%} is a Glivenko-Cantelli class of
functions. Conditions (c.5.a) and (c.5.b) mean that the saddle-point (0r,0r), of (0,a) € O X O
P,h(0,«), is well-separated. Note that theses two conditions are not very restrictive, they are satisfied
for example when © is conver and the function (0,a) € © x © — P,h(0,a) is concave in « (for all 6)
and convex in 6 (for all o), which is the case for Examples 3.1 and 3.2 above, both conditions (¢.5.a) and
(c.5.b) are satisfied; we can take n = %

Proposition 3.2. Assume that conditions (c.4-5-6) hold. Then,
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(a) supgce ||Qx(0) — Or|| tends to O in probability.
(b) The MDy estimate @p converges to O in probability.

Assume that 07 is an interior point of ©, the convex function ¢ has continuous derivatives up to 4th
order, and the density pp(x) has continuous partial derivatives up to 3th order (for all x A-a.e.). In the

following theorem we sate the asymptotic normality of the estimates 6, and a,(6,). We will use the
following assumptions

(A.4) The estimates é:p and &w(é\@) exist and are consistent;

(A.5) There exists a neighborhood N(6r) of 67 such that the first and second order partial derivatives
(w.r.t. o and 0) of f(0, «, z)pg(x) are dominated on N (67) x N(07) by A-integrable functions. The
third partial derivatives (w.r.t. « and 6) of h(f, o, x) are dominated on N(f7) x N(0r) by some
Py, -integrable functions;

(A.6) The integrals Py, ||(8/0c)h(0r,07)|1%, Pay ||(8/00)h(07.,07)|%, Py, ||(9°/0a®)h(07,607),
Py, |[(82/06%)h(67,67)|| and Py, ||(0%/060c)h(61,67)|| are finite, and the matrix Iy, is non singu-
lar.

Theorem 3.3. Assume that conditions (A.4-5-6) hold. Then, both \/n (@p - HT) and \/n (&@(5@) - HT)
converge in distribution to a centered multivariate normal random variable with covariance matric V =
It

O

Existence, consistency and limiting laws of a sequence of local minima-maxima

Assume that 67 is an interior point of O, the convex function ¢ has continuous derivatives up to 4th
order, and the density py(z) has continuous partial derivatives up to 3th order (for all x A-a.e.). In the
following theorem we sate the existence and consistency of a sequence of local minima-maxima 6, and

ay(0,). We give also their limiting laws.
Theorem 3.4. Assume that conditions (A.5) and (A.6) hold.
(a) Let B:= {0 € ©; |0 — 07| <n~Y/3}. Then, as n — oo, with probability one, the function (,a)
P,h(0,a) attains its min-maz value at some point <§¢,&¢(5¢)) in the interior of B x B, and

Po(8/da)h (eL, a¢(§¢)) =0 and P,(8/90)h (% aw@,)) = 0;

(b) Both \/n (ép - HT) and \/n (&90(590) - 9T) converge in distribution to a centered multivariate nor-

mal random variable with covariance matrix V = Ig_Tl.

3.2.3 Composite tests by minimum ¢p—divergence

Let ©g be a subset of ©. We assume that there exists an open set By C R4 and mappings r : © — R/
and s : By — R such that the matrices R(f) := [%r(@)] and S(f) = [%5(6)} exist, with elements
continuous, and are of rank [ and (d — ), respectively, ©g = {s(8); B € Bo} and r(0) = 0 for all 6 € Oy.
Consider the composite null hypothesis

Ho : 07 € ©p versus H; : fr € ©\Oy. (3.25)

This is equivalent to Ho : Or € s(Bp) versus Hi : 67 € ©\s(By). Using (3.16), the p-divergence
D (©0, 07), between the set of distributions { Py such that § € ©p} and the p.m. Fy,, can be written as
D, (0g, 071) = infgco, supyeco Po, h(0, ). Hence, it can be estimated by

D, = inf D, — inf P, .
»(00, 07) s o(0,07) o1 Sup h(0, a)
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We use f);(@o, 1) to perform statistical test pertaining to (3.25). Since D, (O, f7) := infoce, Dy, (6, 07)
is positive under H; and takes value 0 only under H( (provided that the infimum is attained on ©g), we
reject ‘Ho whenever l/?;(@o, Or) takes large values. The following theorem provides the limit distribution
of b;(@o, O7) under the null hypothesis H,.

Theorem 3.5. Let us assume that the conditions in Theorem 3.3 are satisfied. Under Hg, the statistics

w?,—?l)]_/);(@o, O1) converge in distribution to a x2-random variable with | degrees of freedom.

The following theorem gives the limit laws of the test statistics (p?,—?l)l/?;(@o, fr) under the alternative
hypothesis H; : 67 € ©\Og. We will use the following assumptions.

(C.1) The minimum of § — D, (6,6r) on Oy is attained at some point, say 0* := s(8*) with 5* € Boy;
uniqueness then follows by strict convexity of ¢ and model identifiability assumption;

(C.2) There exists a neighborhood N(5*) of 8* and a neighborhood N (67) of 67 such that the first and
second order partial derivatives (w.r.t. a and ) of f(s(8), a, z)ps)(x) are dominated on N (%) x
N(07) by Mintegrable functions. The third partial derivatives (w.r.t. 8 and «) of h(s(5), o, x) are
dominated on N(5*) x N(67) by some Py, -integrable functions;

(C-3) The integrals Py, [|(9/0c)h(s(5%),07)[, Por (8/08)h(s(8%), 01)|1°, Pay ||(8°/0a®)h(s(67). 67)|,
Py, ||(0%/08*)h(s(B*),07)|| and Py, H(@Q/aﬁﬁa)h(s(ﬁ*),ﬁT)H are finite, and the matrix

A= [ All A12 :|

Ag1 Ag

is non singular, where Ay1 := Py,.(92/08?)h(s(8*),07), A2 := Py, (0?/0a?)h(s(B*),0r) and Ao =
AL, i= Py, (62 /0500)h(s(8"), Or).

(C.4) The integral Py, ||h(s(8*),07)|* is finite.

Denote @0 and &},(B\@) the min-max optimal solution of l/);(@o, Or) = infge B, supyece Puh(s(B), ), and
let B(p*,n~1/3) = {B € By |88 < n_1/3}, Cp 1= (@,aw(@p)—r)—r, ¢ = (B*7,0])T and F the

matrix defined by
-

T 0/aB)Ms(8Y).07) 1 [ (8/98)h(s(8),0r)
E=Por | (9/00)n(s(8%), 0r) ] [

(C.5) The estimates EP and 62@(3@) exist and are consistent estimators for 5* and 67 respectively.

Theorem 3.6. Assume that conditions (C.1-2-3-4-5) hold. Then, under the alternative hypothesis Hi,
we have

(a) \/n(cn — c*) converges in distribution to a centered multivariate normal random variable with co-
variance matric V. = A"'FA~!;

(b) If additionally the condition (C.6) holds, then \/n (1/7;(@0,9T) — D (O, HT)> converges in distri-

bution to a centered normal random variable with variance
o2 (B*,0r) = Poph(s(B"),0r)* — (Payh(s(8),01))°. (3.26)

Remark 3.9. Using Theorem 5.5, the estimate @(GO,HT) can be used to perform statistical tests
(asymptotically of level €) of the null hypothesis Hy : Op € Og against the alternative Hy : Op € O\Oy.
Since Dy,(Og, 07) is nonnegative and takes value zero only when O € ©Og, the tests are defined through
the critical region

2n

Cy(Og,07) := {@//(1)

D (0.02) > \H1- )} (3:27)
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where x?(1 — €) is the (1 — €)-quantile of the x*-distribution with | degrees of freedom. Note that these
tests are all consistent, since ﬁ;(@o,HT) are n-consistent estimates of D,(0©g,0r) = 0 under Ho, and
V/n-consistent estimate of Dy (g, 07) > 0 under Hi; see Theorem 3.5 and Theorem 3.6 part (c). Further,
the asymptotic result (c) in theorem 3.6 above can be used to give an approzimation to the power function
Or — B(Or) := P, (Cp(Oo,0r)). We obtain then the following approzimation

n "(1

where Fir is the cumulative distribution function of a normal variable with mean zero and variance one.
An important application of this approzimation is the approximate sample size (3.29) below that ensures
a power (3 for a given alternative Op € ©\Oq. Let ng be the positive root of the equation

. a+b)—+/a(a+2b % — 2
i.e., Ny = % where a = o2(8*,07) [F (1= B)]" and b = ¢"(1)x3(1 — €)Dy(O0,07). The

required sample size is then

ﬁ<eT>~1FN(

521—FN<

n* =[no] +1 (3.29)
where [.] is used here to denote “integer part of”.
Remark 3.10. (An other view at the generalized likelihood ratio test for composite hypothe-
ses, and approrimation of the power function through K L,,-divergence). In the particular case
of the K Ly,-divergence, i.e., when p(z) = @o(z) = —logz + = — 1, we obtain from (3.27) the critical
area

SUPyeo | [ PalXi) 2
CKLm(@Q,HT) = {QIOg = > X (1—6) ,
supgeo, | [i=1 Po(Xi) :

which is to say that the test obtained in this case is precisely the generalized likelihood ratio test associated
to (3.25). The power approzimation and the approrimate sample size guaranteeing a power 3 for a given
alternative (for the GLRT) are given by (3.28) and (3.29), respectively, where ¢ is replaced by ¢ and
D, by KL,,.

3.3 Non regular models. A simple solution for mixture models

The test problem for the number of components of a finite mixture has been extensively treated when
the total number of components k is equal to 2, leading to a satisfactory solution; the limit distribution
of the generalized likelihood ratio statistic is non standard, since it is 0.5y 4+ 0.5x7, a mixture of a Dirac
mass at 0 and a x3 with weights equal to 1/2; see e.g. Titterington et al. (1985) and Self and Liang
(1987). When k > 2, the problem is much more involved. Self and Liang (1987) obtained the limit
distribution of the generalized likelihood ratio statistic, which is non standard and complex. This result
yields formidable numerical difficulties for the calculation of the critical value of the test. In Section 5.1
below, we propose a unified treatment for all these cases, with simple and standard limit distribution both
when the parameter f7 is an interior or a boundary point of the parameter space ©. On the other hand,
confidence regions for the mixture parameter 67 even when k = 2 are intractable through the generalized
likelihood ratio statistic. Indeed, the asymptotic law of the generalized likelihood ratio statistic depends
heavily on the fact that 6 is a boundary or an interior point of the parameter space. For example, when
k = 2, the limiting distribution of the generalized likelihood ratio statistic is 0.55 + 0.5x? when 6 = 0
and x? when 0 < § < 1. Therefore, the confidence level is not defined uniquely. At the opposite, we
will prove in Section 5.3 that the proposed dual y2-statistic yields quite standard confidence regions even

when k > 2. Let {chll);al € Al}, ey {chf);ak € Ak} be k-parametric models where Aq,..., A are k
(k >2) sets in R™ ... R% and dy,...,d; € N*. Denote Py the mixture model

k
Py:=)» wP{ (3.30)
=1
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where 0 < w; <1, Y w; =1 and

k
0ecO:= {(wl,...,wk,al,...,ak)T €[0,1)% x Ay x --- x Ay, such that Zwi: }, (3.31)
i=1

and assume that the model is identifiable. Let kg € {1,...,k —1}. We test if (k — ko) components in
(3.30) have null coefficients. We assume that their labels are kg + 1, ..., k. Denote ©¢ the subset of ©
defined by ©¢ := {0 € O such that wg,11 =--- = wi = 0} . On the basis of an i.i.d sample Xi,..., X,
with distribution Py,., 07 € ©, we intend to perform tests of the hypothesis

Ho : O € ©p against the alternative Hp : 0p € O\ O. (3.32)
It is known that the generalized likelihood ratio test, based on the statistic

suppeo [ [i=; Po(Xi)

2log A\ := 2log ,
supgee, | [7=1 po(Xi)

(3.33)

is not valid for this problem, since the asymptotic approximation by x2-distribution does not hold in this
case; the problem is due to the fact that the null value of 7 is not in the interior of the parameter space
©. We clarify now this problem. For simplicity, consider a mixture of two known densities py and p;
with po # pi:

po = (1 — 0)po + Op1 where 0 € © := [0, 1]. (3.34)

Given i.i.d. data X7, ..., X,, with distribution Pp,., 07 € [0, 1], consider the test problem

Ho : 07 = 0 against the alternative Hi : 67 > 0. (3.35)

The generalized likelihood ratio statistic for this test problem is W, (0) := QZOQ%, where L(6) =

[T, (1 — 6)po(X;) + Op1(X;)] for all 6 € [0,1], and § is the MLE of 6. Using the strict concavity of the
function 0 € [0, 1] — 1(0) := log L(6), it is clear that # = 0 whenever I/, (0), the derivative on the right at
6 =0 of 6 — (), is nonpositive. Hence, we can write

W — i—ol — poay _ Z” po(Xs)
B{Wa=0p > R{i-of - PO{“(O)SO}_PO{le(Xi) SO}
_ 1Tpo(Xi)
= Po{ﬁ<nl.§:1:p1(Xi) 1>go} (3.36)

which, by the CLT, tends to 1/2 (if 1 # E(Y;?) < oo where Y; := po(X;)/p1(X;)) since the random
variables Y; are i.i.d with E(Y;) = 1 under Hy. This proves that the convergence in distribution of the
generalized likelihood ratio statistic W, (0) to a x? random variable (under Hg) does not hold. Under
suitable regularity conditions we can prove that the limit distribution of the statistic W, in (3.3) is
0.580 + 0.5x3, a mixture of the y2-distribution and the Dirac measure at zero; see Self and Liang (1987).
Moreover, in the case of more than two components and k — kg > 2, the asymptotic distribution of the
GLR statistic (3.33) under H, is complicate and not standard (not a x? distribution) which poses some
difficulty in determining the critical value that will give correct asymptotic size; see Self and Liang (1987).
On the other hand, the likelihood ratio statistic

L(b)
L(6)

Whn(0) = 2log (3.37)

can not be used to construct asymptotic confidence region for the parameter 07 since its limiting law is
not the same when 7 = 0 and 67 > 0.
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3.3.1 A simple solution to the problem of testing the number of components in a
mixture

We propose the following simple solution. Consider the following set of signed finite measures
po := (1 —0)po + Op1, where 6 € R. (3.38)

This set (of signed finite measures with mass one) obviously contains the mixture model (3.34). In
particular, the null value of 67 (i.e., 7 = 0) is an interior point of the parameter space R. The likelihood
ratio test (for a model of signed measures) cannot be used since the log-likelihood [(#) may be infinite
(when 6 < 0 or # > 1). In the context of divergences, this means that the estimate m(Po, Py, ) may be
infinite if we consider the model (3.38), which is due to the fact that the corresponding convex function
o(r) = —logx+ 2 —1 is infinite on R_. This suggests to use a divergence associated to a convex function
¢ which is finite on all R, for instance, the y2-divergence (which is associated to the convex function
o(r) = %(:U —1)2). So, in order to perform a test asymptotically of level € for (3.35), we propose to use

the following estimate of the y?-divergence between Py and Py,

x2(0,07) = sup {Pof (0,@) = Pag(0,)} (3.39)

where f(0,a) = po/pa — 1 and ¢g(0, ) = 1/2(po/pa + 1)(po/pa — 1) as a consequence of definitions (9.25)
and (3.10), and O, is the new parameter space which we define as follows

O := {oe € R such that /\f((),a,:n)] dPy(x) is finite } .

The value of the parameter 67 under the null hypothesis Hg, i.e., 7 = 0, is in the interior of the new
parameter space ©. which is generally non void. Hence, under conditions of Theorem 3.1 where O is
replaced by ©. and 6 by zero, under Hg the statistic 2nx2(0, f7) converges in distribution to a x? random
variable with one degree of freedom; the critical region takes then the form

CR = {2n§5(0, 0r) > x2(1 — e)} : (3.40)

where x2(1 — €) is the (1 — ¢)-quantile of the y?-distribution with one degree of freedom. Obviously
other divergences which are associated to convex functions finite on all R can be used. The use of the
x2-divergence is recommended. Indeed, for regular cases (for example for multinomial goodness-of-fit
tests) x2-test is equivalent (in Pitman sense) to the generalized likelihood ratio one; see also Cressie and
Read (1984) Sections 3.1 and 3.2 for other motivations in favor of the x? criterion.

3.3.2 Confidence regions for the mixture parameters

We propose the following solution to the confidence region problem when the parameter may be a
boundary value of the parameter space. The estimate

X2(0,6r) = sup {Pyf(6,a) — Pug(6,a)}, (3.41)
a€B.(0)

where O () := {a € R such that [ |f(0,a)| dPp is finite }, can be used to construct asymptotic confi-
dence region for the parameter 7 with level (1 — €) defined by

C = {0 € © such that 2nx2(6, 07) < x2(1 — e)} In fact, limpe0 Py, (07 € C) = 1—¢ both when 6 = 0

or O > 0 since the statistic 27&5(0@ 1) converges in distribution to y?-random variable with one degree
of freedom both when 87 = 0 or 87 > 0. We give now the form of the critical region and the confidence
region in the multivariate case, i.e., in the case of the general model (3.30). For all § € ©, define

the set ©.(0) := {a € R¥ x Ay x - x Ay, such that Zle a; =1and [|f(0, o, )| dPy(zx) is finite },
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and the statistic ?(GO,HT) := infpee, ;5(0,9T) := infpee, SUPqco, (9) {Fo.f(0,) — Prg(0,a)}. Under
some conditions similar to that in Theorems 3.1, 3.2 and 3.3, we can prove, under the null hypothe-
sis Ho in (3.32), that the statistic 2nx2(0y, f7) converges in distribution to x? random variable with
(k — ko) degrees of freedom. Also, the statistic 2n;<\§(9,9T) when 6 = 6p converges in distribution to
x2-random variable with d := k — 1+ dy + - - - + d}, degrees of freedom in both case when 7 is a bound-

ary value or not. Hence, the critical region is given by CR := {2n;§(@0,0T) > Xszo(l - e)}, and

C = {0 € O such that 27’&5(9, Or) < x3(1 — e)} is an asymptotic confidence region for 67 of level € both
when 67 is a boundary value or not.

3.4 Concluding remarks and possible developments

We have addressed parametric estimation and test problems. We have introduced new estimation and test
procedures, using the obtained conjugate expressions of ¢-divergences, for general parametric models,
not necessarily discrete, avoiding the smoothing approach. The procedure leads to optimal estimates
for the parameter model and for the divergences. It includes both the discrete (finite or infinite) and
the continuous support cases. It extends the maximum likelihood method for both estimation and test
problems. Moreover, the procedure and the divergences framework allow to obtain the limiting laws of the
proposed estimates and the test statistics both under the null and the alternative (simple or composite)
hypotheses, including the generalized likelihood ratio statistic. As a by-product, we obtain explicit power
functions in a general case for simple or composite parametric test problems, and approximations of the
minimal sample size which guarantees a desired power for a given alternative. A new test and new
asymptotic confidence regions are proposed in the case where the parameter may be a boundary value
of the parameter space. Many problems remain to be studied in the future, such as the choice of the
divergence which leads to “optimal” (in some sense) estimate or test in terms of efficiency and robustness,
Bartlett correctability and the large deviation properties of the proposed test statistics.



Chapter 4

Estimation and test under moment
condition models

This Chapter presents our paper Broniatowski and Keziou (2012). We introduce esti-
mation and test procedures through divergence minimization for models satisfying linear
constraints with unknown parameter. These procedures extend the empirical likelihood
(EL) method and share common features with generalized empirical likelihood approach.
Using our previews results in Broniatowski and Keziou (2006), see Chapter 1, we give a
precise characterization of duality, for the proposed class of estimates and test statistics,
which is used to derive their limiting distributions (including the EL estimate and the EL
ratio statistic) both under the null hypotheses and under alternatives or misspecification.
An approximation to the power function is deduced as well as the sample size which ensures
a desired power for a given alternative. For more detail, proofs and simulation results, we
refer to Broniatowski and Keziou (2012).

4.1 Introduction and notation

Statistical models are often defined through estimating equations E [¢(X, 6)] = 0, where E[-] denotes the
mathematical expectation, g := (g1,...,9;)" € Rl is some specified vector valued function of a random
vector X € R™ and a parameter vector § € © C RY Examples of such models are numerous, see
e.g. Qin and Lawless (1994), Haberman (1984), Sheehy (1987), McCullagh and Nelder (1983), Owen
(2001) and the references therein. Denoting M' the collection of all probability measures (p.m.) on
the measurable space (R, B(R™)), the submodel Mé, associated to a given value 6 € ©, consists of all
distributions @ satisfying [ linear constraints induced by the vector valued function g(., 8), namely, ./\/lé =
{Q € M' such that [, g(x,0) dQ(x) =0}, with | > d. The statistical model which we consider can
be written as

M= Mg, (4.1)

0cO

Let X1, ..., X,, denote an i.i.d sample of X with unknown distribution F;. We denote O, if it exists, the
value of the parameter such that Py belongs to M})T, namely, the value satisfying E [¢(X, 07)] = 0, and
we assume obviously that 67 is unique. This work addresses the two following natural questions.
Problem 1: Does P, belong to the model M'?

Problem 2: When Py is in the model, which is the value 67 of the parameter for which E [¢(X, 07)] = 07
Also can we perform tests about 877 Can we construct confidence areas for 6,7

We note that these problems have been investigated by many authors. Hansen (1982) considered gen-
eralized method of moments (GMM). Hansen et al. (1996) introduced the continuous updating (CU)
estimate. The empirical likelihood (EL) approach, developed by Owen (1988) and Owen (1990), has
been investigated in the context of model (4.1) by Qin and Lawless (1994) and Imbens (1997) introduc-
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ing the EL estimate. The recent literature in econometrics focusses on such models; Smith (1997), Newey
and Smith (2004) provided a class of estimates called generalized empirical likelihood (GEL) estimates
which contains the EL and the CU ones. Schennach (2007) discussed the asymptotic properties of the
empirical likelihood estimate under misspecification; the author showed the important fact that the EL
estimate may cease to be root n consistent when both the functions g; defining the moments conditions
and the support of Py are unbounded. Among other results pertaining to EL, Newey and Smith (2004)
stated that EL estimate enjoys optimality properties in term of efficiency when bias corrected among all
GEL estimates including the GMM one. Moreover, Corcoran (1998) and Baggerly (1998) proved that in a
class of minimum discrepancy statistics (called power divergence statistics), EL ratio is the only one that
is Bartlett correctable. Confidence areas for the parameter 67 have been considered in the seminal paper
by Owen (1990). Problems 1 and 2 have been handled via EL and GEL approaches in Qin and Lawless
(1994), Smith (1997) and Newey and Smith (2004) under the null hypothesis Hg : Py € M!; the limiting
distributions of the GEL estimates and the GEL test statistics have been obtained under the model and
under the null hypotheses. Imbens (1997) discusses the asymptotic properties of the EL and exponen-
tial tilting estimates under misspecification and give the formula of the asymptotic variance, using dual
characterizations, without presenting the hypotheses under which their results hold. Chen et al. (2007)
give the limiting distribution of the EL estimate under misspecification as well as the EL ratio statistic
between a parametric model and a moment condition model. The paper by Kitamura (2007) gives a
discussion of duality for GEL estimates under moment condition models. Bertail (2006) uses duality to
study, under the model, the asymptotic properties of the EL ratio statistic and its Bartlett correctability;
the author extends the results to semiparametric problems with infinite-dimensional parameters.

The main contribution of the present Chapter is the precise characterization of duality for a large class of
estimates and test statistics (including GEL and EL ones) and its use in deriving the limiting properties
of both the estimates and the test statistics under misspecification and under alternative hypotheses.
Moreover,

1) The approach which we develop is based on minimum discrepancy estimates, which extends the
EL method and has common features with minimum distance and GEL techniques, using merely
divergences. We present a wide class of estimates, test statistics and confidence regions for the
parameter 1 as well as various test statistics for Problems 1 and 2, all depending on the choice of
the divergence;

2) The limiting distribution of the EL test statistic under the alternative and under misspecification
remains up to date an open problem. The present work fills this gap; indeed, we give the limiting
distributions of the proposed estimates and test statistics (including the EL ones) both under the
null hypotheses, under alternatives and under misspecification;

3) The limiting distributions of the test statistics under the alternatives and misspecification are used
to give an approximation to the power function and the sample size which ensures a desired power
for a given alternative;

4) We extend confidence region (C.R.) estimation techniques based on EL (see Owen (1990)), provid-
ing a wide range of such C.R.’s, each one depending upon a specific divergence.

From the point of view of the statistical criterion under consideration, the main advantage, of using a
divergence based approach and duality, lays in the fact that it leads to asymptotic properties of the
estimates and test statistics under the alternative, including misspecification, which cannot be achieved
through the classical EL context. In the case of parametric models of densities, White (1982) studied the
asymptotic properties of the parametric maximum likelihood estimate and the parametric likelihood ra-
tio statistic under misspecification; Broniatowski and Keziou (2009) stated the consistency and obtained
the limiting distributions of the minimum divergence estimates and the corresponding test statistics (in-
cluding the parametric likelihood ones) both under the null hypotheses and the alternatives, from which
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they deduced an approximation to the power function. In this work, we extend the above results for the
proposed class of estimates and test statistics (including the EL ones) in the context of semiparametric
models (4.1).

The rest is organized as follows. Section 4.2 describes the statistical divergences used in the sequel.
Section 4.3 is devoted to the description of the proposed estimation and test procedures. In Section
4.4, we adapt the Lagrangian duality formalism to the context of statistical divergence, and we use it
to give practical formulas (for the study and the numerical computation) of the proposed estimates and
test statistics. Section 4.5 deals with the asymptotic properties of the estimates and the test statistics
under the model and under misspecification. For proofs and simulations results, we refer to our paper
Broniatowski and Keziou (2012) Section 6.

4.2 Statistical divergences

We first set some general definitions and notations. Let P be some p.m. on the measurable space
(R™ B(R™)). Denote by M the space of all signed finite measures (s.f.m.) on (R™, B(R™)). Let ¢ be a
convex function from R onto [0, +-00] with ¢(1) = 0, and s.t. its domain, domy, := {z € R s.t. p(x) < oo} =:
(ayp,by), is an interval, with endpoints a, < 1 < by, which may be bounded or unbounded, open or not.
We assume that ¢ is proper and closed!. For any s.fm. Q € M, the p-divergence between @ and the
p.m. P, when @ is absolutely continuous with respect to (a.c.w.r.t) P, is defined through

D,@.P) = [ ¢ (fpw) ar) (1)

in which %(-) denotes the Radon-Nikodym derivative. When @ is not a.c.w.r.t. P, we set D, (Q, P) :=
+00. For any p.m. P, the mapping Q € M — D,(Q, P) is convex and takes nonnegative values. When
@ = P then D,(Q, P) = 0. Furthermore, if the function  — ¢(z) is strictly convex on a neighborhood
of x =1, then

Dy(Q,P) =0 if and only if Q = P. (4.3)

4.3 Minimum divergence estimates

Let X1,..., X, denote an i.i.d. sample of a random vector X € R™ with distribution Fy. Let P, be

the empirical measure pertaining to this sample, namely, P,(-) := % >, 0x,(+), where d,(-) denotes the
Dirac measure at point z, for all z. We will endow our statistical approach in the global context of s.f.m’s

with total mass 1 satisfying [ linear constraints

Mg = {Q € M such that / dQ(z) =1 and / g(x,0) dQ(x) = 0} (4.4)

m m

and
M= [ ] Mo, (4.5)
0cO

sets of signed finite measures that replace M} and M?!. Enhancing the model (4.1) to the above one (4.5)
bears a number of improvements upon existing results; this is argued at the end of the present Section;
see also Remark 4.5 below. The “plug-in” estimate of D,(My, Py) is

~ d
Dy(Myg, Ry) := Qier}\f/lg D, (Q,P,) = Qier}\f/tg /m © <d;i(:c)> dP,(z). (4.6)

!The closedness of ¢ means that if a or b are finite then ¢(z) — ¢(a) when z | a, and ¢(z) — ¢(b) when z 1 b. Note
that, this is equivalent to the fact that the level sets {z € R; ¢(x) < a}, Va € R, are closed in R endowed with the usual
topology.
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If the projection Qén) of P, on My exists, then it is clear that an) is a s.fm. (or possibly a p.m.)

a.c.w.r.t. Pp; this means that the support of Qé") must be included in the set {Xy,..., X, }. So, define
the sets

M(n {QeM!Qacwrt P,, ZQ ) =1 and ZQ XZ,G)—O} (4.7)

=1

which may be seen as subsets of R". Then, the plug-in estimate (4.6) can be written as

R) f 48
Dy (M, Py) QE%(”)”Z@D nQ(X (4.8)

In the same way, D,(M, Py) := infgee infgem, Dy (Q, Po) can be estimated by

n

~ . . 1
Dy(M, Py) = inf Qel/r\lffé") - ;w(nQ(Xz))- (4.9)

By uniqueness of arginfgce D,( My, Py) and since the infimum is reached at # = 67 under the model, we
estimate O through

0, = f inf 4.10
pmamipg Y o((X) (6.0

Enhancing M! to M and accordingly extensions in the definitions of the ¢ functions on R and the ¢ -
divergences on the whole space of s.f.m’s M, is motivated by the following arguments:

- If the domain (ay, by,) of the function ¢ is included in [0, +oo[ then minimizing over M' or over
M leads to the same estimates and test statistics. It is the case of the K L,,, K L, modified x? and
Hellinger divergences;

- Let 0 be a given value in ©. Denote Q(gl’n) and Qén), respectively, the projection of P, on ./\/lé and

on My. Tf Q\"™ satisfies 0 < QS"™(X,) < 1, for all i = 1,...,n, then Q"™ = Q). Therefore, in
this case, both approaches leads also to the same estimates and test statistics;

- It may occur that for some # in © and some i = 1,...,n, Q(gl’n) (X;) is a boundary value of [0, 1],
hence the first order conditions are not met which makes a real difficulty for the calculation of
the estimates over the sets of p.m. M} and M!'. However, when M® is replaced by M, then
this problem does not hold any longer in particular when dom, = R, which is the case for the
x?-divergence. Other arguments are given in Remark 4.5 below.

The empirical likelihood paradigm (see Owen (1988), Owen (1990), Qin and Lawless (1994) and Owen
(2001)), enters as a special case of the statistical issues related to estimation and tests based on ¢-
divergences with p(x) = ¢o(z) := —logx + x — 1, namely, on K L,,—divergence. Indeed, it is straightfor-
ward to see that the empirical log-likelihood ratio statistic for testing Ho : Pp € M against H, : Py ¢ M,
in the context of ¢-divergences, can be written as 2nDKLm (M, Py); and that the EL estimate of Op
can be written as HKL = arginfgco DKLm (Mg, Py); see Remark 4.3 below. In the case of the power
functions ¢ = ¢, the corresponding estimates (4.10) belong to the class of GEL estimates introduced
by Smith (1997) and Newey and Smith (2004), and (4.8) in this case are the empirical Cressie-Read
statistics introduced by Baggerly (1998) and Corcoran (1998); see Remark 4.4 below.

The constrained optimization problems (4.8), (4.9) and (4.10) can be transformed into unconstrained
ones making use of some arguments of “duality” which we briefly state below from Rockafellar (1970).
On the other hand, the obtaining of asymptotic statistical results of the estimates and the test statistics,
under misspecification or under alternative hypotheses, requires handle existence conditions and charac-
terization of the projection of Py on the submodel My or on the model M. This also will be considered
through duality, along the following Section.
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4.4 Dual representation of p—divergences under constraints

This Section is central for our purposes. Indeed, it provides the explicit form of the proposed estimates
by transforming the constrained problems (4.8) to unconstrained ones, using Lagrangian duality which is
a classical tool in optimization theory. This Section adapts this formalism to the context of p-divergences
and the present statistical setting. The Lagrangian “dual” problem, corresponding to the “primal” one

inf D,(Q, P, 4.11
ot 0 (Q, Py) (4.11)

and its empirical counterpart (4.8), make use of the Fenchel-Legendre transform of ¢, defined through

e it eR = p*(t) := ilelg {tr —p(x)}. (4.12)

We refer to Section 1.1, for the properties of ¢*(-) and to Table 1.1 for explicit expressions of ¢* for some
standard divergences. In all the sequel, we assume that ¢ is strictly convex and essentially smooth on its
domain. The “dual” problems associated to (4.11) and (4.8) are respectively

l

sup | to— / ©*(to + thgj(a:, 0)) dPy(z) ¢ , (4.13)
tER1+l Rm le
and
1 n l
sup {to— — Z ©"(to + thgj(Xia 0)) ¢ - (4.14)
teRIH [t j=1

In the following Propositions 4.1 and 4.2, we state sufficient conditions under which the primal problems
(4.11) and (4.8) coincide respectively with the dual ones (4.13) and (4.14).

Proposition 4.1. Let 0 be a given value in ©. If there exists Qg in ./\/lén) such that

ay < nQo(X;) < by, forall i=1,...,n, (4.15)
then
1 n l
inf  Dy(Q,P) = sup <to——> @ (to+ > tig;j(Xi,0)) (4.16)
Qemy tERIH ni =

with dual attainment. Conversely, if there exists some dual optimal solution ti= (%\0,?1, e ,E)T e Rt

such that

!
ap+ < to+ thgj(Xi,Q) <bge, forall i=1,...,n, (4.17)
j=1

then the equality (4.16) holds, and the unique optimal solution of the primal problem ianeM“” D,(Q, P,),
6
namely, the projection of P, on M(n), is given by Qén)(XZ-) = %cp’*l(tAo + Z§':1 tAjgj(Xi, 0),i=1,...,n,

where t := (?g,tAl, e ,%\Z)T 1s solution of the system of equations
-1, I
1= a2 ¢ (o + 121:1 th{(XiAaé’)) = 0,
_% anl 9j (Xi,0)¢" " (to + Zj:l tjgj(Xi 0)) = 0, j=1,...,1L
Remark 4.1. For the y?—divergence, we have a, = —oo and b, = +o00. Hence, condition (4.15) holds

whenever /\/lén) is not void. More generally, the above Proposition holds for any @-divergence with

dom, = R.
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Remark 4.2. Assume that g(z,0) := (x—0)". So, for any divergence D,, with dom,, =]0, +oc[, which is
the case of the modified x? divergence and the modified Kullback-Leibler divergence (or equivalently EL
method), condition (4.15) means that € is an interior point of the convex hull of the data (X7, ..., X;).
This is precisely what is checked in Owen (1990), p. 100, for the EL method; see also Owen (2001).

For the asymptotic counterpart of the above results we have; see Theorem 1.1 in Section 1.1. See also
Theorem 1.13, Corollary 1.7 and Proposition 1.4 in Section 1.5 for the same results under different
assumptions.

Proposition 4.2. Let 0 be a given value in ©. Assume that [, |g;(x,0)] dPy(x) < oo, forallj =1,...,1.
If there exists Qo in My with D,(Qo, Py) < oo and’

.. dQo dQo
a@<x1€rﬁ§mdiﬂ)(x)§xselﬁ{% T%(x)<b”’ Py —a.s., (4.18)
then
I
inf Dy (Q, ) = to — *(t tigi(x,0)) dP 4.19
oo, (@, Po) Sup o /mw(oJijgj(x )) dPy(x) (4.19)

with dual attainment. Conversely, if there exists some dual optimal solution t* which is an interior point
of the set
I

t € R such that / 0" (to + Y tigj(x,0))| dPy(x) < o0 p (4.20)

m ]:1
then the dual equality (4.19) holds, and the unique optimal solution, say Qj, of the primal problem
infoem, Dy(Q, Po), namely the projection of Py on My, is given by %(x) =¢'" l(to —1—2] 1 t795(,0)),

where t* 1= (t§,t],. .. ,752")—r 1s solution of the system of equations
L= [/t + 25 ggg(l‘ 0)) dPo(x) = 0,
1—1 . (4.21)
— [gj(z,0)p (to—i—zj 1t59j(x,0)) dPy(z) = 0, j=1,...,L
Furthermore, t* is unique if the functions 1gm,gi(.,0),...,q/(.,0) are linearly independent in the sense

that Py {ZE eER™ | tg+ Z;-:l tigi(z,0) # 0} >0, for all t € R with t # 0.

For sake of brevity and clearness, we must introduce some additional notations. In all the sequel, |z||
denotes the norm of z defined by ||z|| := sup; |z;| for any vector = := (x1,...,2;)" € R* and for any
matrix A, the norm of A is defined by ||A[| := sup;, ;|a;;|. Denote by g the vector valued function

= (Igm,g1,...,9)" € R For any p.m. P on (R™, B(R™)) and any real measurable function f from

(R™, B(R™)) to (R, B(R)), denote Pf := [g. f(x) dP(x). Let t g(x,0) :=to + >\_ t;g;(x,0) and
m(x,0,t) ==ty — ©*(t' g(x,0)), for all z € R™,0 € © C R%,t € R, (4.22)

Note that the sup in (4.16) and (4.19) can be restricted, respectively, to the sets

A = {t ER™ | ap < tTG(X;,0) < by, foralli=1,.. n} (4.23)
and
l
Ap:={teR"M 0% (to + Y _tig;(x,0))| dPy(x) < 00 p . (4.24)
R™ 4
7j=1

2The strict inequalities (4.18) mean that Py {m € R™ | dQO( < aw} Py {x €R™ | ‘é?,g( ) > bg,} =0.
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In view of the above two Propositions 4.1 and 4.2, we redefine the estimates (4.8), (4.9) and (4.10) as

follows n

~ 1
Dy, (Mg, Py) := sup —Zm(XZ-,O,t) := sup P,m(6,t), (4.25)
teal” izl teAl™
~ 1 <&
D, (M, Py) == eilel(g sug> - Zm(Xi,H,t) = ei'lelg) sug) P,m(0,t) (4.26)
teA, i=1 teA,
and N
~ . 1 .
0, := arg égé sug) - Zm(XZ—, 0,t) := arg 61161(% sug) P,m(0,t). (4.27)
teA, i=1 teA,

Remark 4.3. When ¢(z) = —logxz+2—1, then the estimate (4.10) clearly coincides with the EL one, so
it can be seen as the value of the parameter which minimizes the K L,,-divergence between the model M
and the empirical measure P, of the data X1, ..., X,,. The statistic QnﬁKLm (M, Py), see (4.9), coincides
with the empirical likelihood ratio statistic associated to the null hypothesis Hg : Py € M against the
alternative H; : Py ¢ M. The dual representation of lA)KLm (M, Py), see (4.26) and (4.16), is

n l
N 1
D Py) = inf t - log(1l — tg — tigi(X;, 0
KL, (M, Py) = inf sup { to+ - ;1 og(1 —to E 395(X;,0))

0cO teAén) j=1

For a given 6 € ©, the K L,,-projection Qé"), of P, on My, is given by (see Proposition 4.1)

l
1 N R
— =N 1—t0—£ tjg(Xi,G) , t=1,...,n,
& (X,) =

which, multiplying by Q(gn) (X;) and summing upon i = 1,...,n, yields to = 0. Therefore, ty can be
omitted, and the above representation can be rewritten under the form

n l
~ 1

D Py) = inf =Y log(l 9;(Xi,0))1,
(M) = ot sup (3 g1+ 31X, )

and then

R R ‘ 1 n l
Ok, =0pr = arg;ggtsupt {ﬁ g log(1 + E ti9i(X;,0))} (4.28)
1.5l i=1 j=1

in which the sup is taken over the set {(tl, Lt)TER™ | —1< 22:1 tj9;(X;,0) < +oo,Vi=1,... ,n}

The formula (4.28) is the ordinary dual representation of the EL estimate; see Qin and Lawless (1994)
and Owen (2001).

Remark 4.4. Consider the power divergences, associated to the power functions ¢,; see (1.4) and (1.5).
We will show that the estimates 6, belong to the class of GEL estimators introduced by Smith (1997)

and Newey and Smith (2004). The projection Qén) of P, on My is given by

; 1/(v=1)
QY (X)) = [ (v =D+ Tg(X:,0) +1 ,i=1,...,n.
j=1
Using the constraint > ; Qé") (X;) = 1, we can explicit to in terms of #1,...,1#;, and hence the sup in

the dual representation (4.27) can be reduced to a subset of R!, as in Newey and Smith (2004). When

p(z) = 3(x — 1)%, it is straightforward to see that the corresponding estimate 6, coincides with the

continuous updating estimator of Hansen et al. (1996).
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Remark 4.5. (Numerical calculation of the estimates and the specific role of the x? - di-
vergence). The computation of £(8) for fixed # € © as defined in (4.21) is difficult when handling a
generic divergence. In the particular case of x2-divergence, i.e., when ¢(z) = %(az —1)2, optimizing on all
s.fm’s, the system (4.21) is linear; we thus easily obtain an explicit form for #(A), which in turn allows
for a single gradient descent when optimizing upon ©. This procedure is useful in order to compute the
estimates for all other divergences (for which the corresponding system is non linear) including EL, since
it provides an easy starting point for the resulting double gradient descent. Moreover, Hjort et al. (2009)
extend the EL approach, to more general moment condition models, allowing the number of constraints
to increase with growing sample size. In this case, the computation of EL estimate is more complex, and
the same idea as above can help to solve the problem.

4.5 Asymptotic properties of the estimates of the parameter and the
divergences

4.5.1 Asymptotic properties under the model

This Section addresses Problems 1 and 2, aiming at testing the null hypothesis Hy : Py € M against
the alternative Hi : Py & M. We derive the limiting distributions of the proposed test statistics which
are the estimated divergences between the model M and Fy. We also derive the limiting distributions
of the estimates of 67. The following two Theorems 5.1 and 5.2 extend Theorems 3.1 and 3.2 in Newey
and Smith (2004) to the context of divergence based approach. The Assumptions which we will consider
match those of Theorems 3.1 and 3.2 in Newey and Smith (2004).

Assumption 4.1. a) Py € M and Or € © is the unique solution of E[g(X,0)] = 0; b) © C R? is
compact; ¢) g(X,0) is continuous at each § € © with probability one; d) E [supgeg ||g(X,0)|%] < oo for
some o > 2; e) the matriz Q := E [g(X,00)g(X,0r)"] is nonsingular.

Theorem 4.1. Under Assumption /.1, with probability approaching one as n — 0o, the estimate (/9\@

exists, and converges to Or in probability. Moreover, =31  g(X;, @;) = Op(1/y/n),

n
t(0,) = arg SUp, _, (n) Pom(0,,t) exists and belongs to int(Ag;)) with probability approaching one as n —
O

o0, and 1(8,) = Op(1//n).

In order to obtain asymptotic normality, we need some additional Assumptions. Denote by GG the matrix
G :=E|[0g(X,0r)/00].

Assumption 4.2. a) Op € int(©); b) with probability one, g(X,0) is continuously differentiable in a
neighborhood Ny, of 07, and E |:Sup9€N0T |0g(X, 0)/09“ < 00; ¢) rank(G) = d.
Theorem 4.2. Assume that Assumptions 4.1 and /.2 hold. Then,
(a) \/n (@D — HT) converges in distribution to a centered normal random vector with covariance matriz
V= [GotaT]
(b) If Il > d, then the statistic 2nlA)<p(./\/l,P0) converges in distribution to a x2-random variable with
(I — d) degrees of freedom.

Remark 4.6. The above Theorem allows to perform statistical tests (of the model) with asymptotic
level a €]0, 1]. Consider the null hypothesis

Ho : Py € M against the alternative Hi: Py & M. (4.29)

The critical region is then C, := {2nﬁ¢ (M, Py) > x7 41— a)} where x? ,(1—a) is the (1 —a)-quantile

of the Xl2_ g-distribution. When ¢(z) = —log x4+ — 1, it is straightforward to see that the corresponding
test is the empirical likelihood ratio one; see Qin and Lawless (1994).
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4.5.2 Asymptotic properties of the estimates of the divergences for a given value of
the parameter

For a given 6 € O, consider the test problem of the null hypothesis Hg : Py € My against two different
families of alternative hypotheses: H; : Py ¢ Mg and H} : Py € M\ My. Those two tests address different
situations since ‘H; may include misspecification of the model. We give two different test statistics each
pertaining to one of the situations and derive their limiting distributions both under Hg and under the
alternatives. As a by product, we also derive confidence areas for the true value fp of the parameter.
We will first state the convergence in probability of ﬁ@(./\/lg, Py) to Dy(My, Fy), and then we obtain the
limiting distribution of lA?¢ (Mg, Py) both when Py € My and when Py ¢ My. Obviously, when Py € My,
this means that # = 6 since the true value 07 of the parameter is assumed to be unique.

Assumption 4.3. a) Py € My and 0 is the unique solution of E[g(X,0)] = 0; b) E[||g(X,8)]%] < oo
for some a > 2; ¢) the matriz Q :=E [g(X,0)g(X,0)] is nonsingular.

Theorem 4.3. Under Assumption /.3, we have

(a) 1(0) = argsupteAén) P,m(0,t) exists and belongs to int(Aén)) with probability approaching one as
n — oo, and t(0) = Op(1/y/n);

(b) The statistic 2n]_/5@(/\/lg, Py) converges in distribution to a x?-random variable.

In order to obtain the limiting distribution of the test statistic Qnﬁ@ (Mg, Py) under the alternative
Hi : Py ¢ My, including misspecification, the following Assumption is needed.

Assumption 4.4. a) Py ¢ My, and t*(0) := argsup;cp, E [m(X,0,1)] exists and is an interior point of
AG:’ b) ]E [SuptENt*<0>
¢) Igm, g1,...,g; are linearly independent in the sense that Py {a: ER™ | to+ Zé-:l tig;(x,0) # O} >0,
for all t € RY with t # 0.

Im(X,0,t)|| < oo for some compact set Ny-(g) C Ay such that t*(0) € int(Ny(g));

Remark 4.7. Assumption 4.4.c above ensures the strict concavity of the function t € Ay — E [m (X, 0,1)]
on the convex set Ay, which implies that ¢*(#) is unique. It can be replaced by the following one

: there exists a neighborhood, Ny C Ag, of t*(6), such that E [SUPteNtW) H(?m(X,H,t)/atM < 00,
E [supteNt*(g) H82m(X,0,t)/8t2H} < oo and the matrix E [0*°m(X,6,t*(0))/0t?] is nonsingular; which
implies also that t*(#) is unique.

Theorem 4.4. Under Assumption 4.4, when Py & My, we have

(a) 1(0) converges in probability to t*(6).

(b) ﬁcp(./\/lg,Po) converges in probability to D,(My, Pp).

We now give the limiting distribution of the test statistic under ;. We need the following additional
condition.

Assumption 4.5. a) There exists Ny(g) C Ag, some compact neighborhood of t*(0), such that

E[ sup [0m(X,0,1)/0t]] < oo, E[ sup [0°m(X,0,t)/0t||] < oo;
tENt*(g) teNt*(G)

b) as 6 — 0,

E { sup —[|0%m(X, 6,1)/0” — 62m(X,9,t*(0))/at2H} Lo
{tslle—t=(0)[1 <o}

¢) E[m(X,0,t*(6))%] < oo, E[[|om(X,0,t*(0))/0t||*] < oo and the matriz E [0*m(X,6,t*(0))/0t?] is

nonsingular.
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Remark 4.8. Assumption 4.5.b is used here to relax the condition on the third derivatives (in t) of the
function t — m(X,6,t).

Theorem 4.5. Under Assumptions 4.4 and 4.5, we have
(a) /n(t(0)—t*(0)) converges in distribution to a centered normal random vector with covariance matriz

[E[m"(X,0,t")]] " E [m/(X,0,t)m/(X,0,t*)T] [E [m"(X,0,t)]]";

(b) /n (BW(MQ, Py) — Dy(Me, Pg)) converges in distribution to a centered normal random variable with
variance o*(0) := E [m(X, 19,75*(0))2} — [E[m(X, H,t*(H))]]Z.
Remark 4.9. Let 0 be a given value in ©. Consider the test of the null hypothesis
Ho: Py € My against Hy: Py ¢ M. (4.30)

In view of Theorem 4.3 part (b), we reject Ho against H1, at asymptotic level a €]0, 1], when Qnﬁ@ (Mg, Fo)
exceeds x?(1 — «), the (1 — a)- quantile of the y?-distribution. Theorem 4.5 part (b) is useful to give an
approximation to the power function Py ¢ My — B(Py) := Py [Qnﬁw (Mg, Po) > x3(1 — )| . We obtain
then the following approximation

/i [x%u ~a)
o(0) 2n

where F)yr is the cumulative distribution function of the standard normal distribution. From this approx-
imation, we can give the approximate sample size that ensures a desired power g for a given alternative

Py ¢ My. Let ng be the positive root of the equation f = 1 — Fyr [% (X?(an_a) - D, (Mg,Po)ﬂ ,

B(Py) ~1— Fy ( — Dy (Mo, PO)D : (4.31)

le., ng = % with a 1= o(6*)2 [F/' (1 — B)]Q and b := x?(1 — @)D, (Mg, ) . The required
(%} 9

sample size is then [ng| + 1, where |no| denotes the integer part of ny.

Remark 4.10. (Generalized empirical likelihood ratio test). For testing Ho : Py € My against
the alternative H) : M\ My, we propose to use the statistics

2”‘517% =2n ﬁSO (MGaPO) - HlIel(gﬁw (M97P0) ) (432)

which converge in distribution to a Xz—random variable under Hy when Assumptions 4.1 and 4.2 hold. This
can be proved using similar arguments as in Theorems 5.2 and 4.3. We then reject Hg at asymptotic level
o when 2nSy, > x3(1 — a), the (1 — a)-quantile of the x2-distribution. Under H; and when Assumptions
4.1,4.2,4.4 and 4.5 hold, as in Theorem 4.5, it can be proved that

Vi (S¢ = Dy (Mg, Py)) (4.33)
converges to a centered normal random variable with variance
o2(0) == E (m(X,0,t*(0))?) — (Em(X,0,t(6)))*.
So, as in the above Remark, we obtain the following approximation

Vv [xi(l o)
() 2n

to the power function Py € M/ My — B(Py) :== Py [QnS,f > y3(1 - a)] . The approximated sample size
required to achieve a desired power for a given alternative can be obtained in a similar way.

B(Py) =1—Fyn < = Dy(Ma, PO)D (4.34)

Remark 4.11. (Confidence region for the parameter). For a fixed level a €]0, 1], using convergence
(4.32), the set {9 € O such that 2nSy < x?l(l — a)} is an asymptotic confidence region for 6y where
x3(1 — a) is the (1 — a)-quantile of the x3-distribution. It is straightforward to see that the confidence
region obtained for the K L,,-divergence coincides with that of Owen (1991) and Qin and Lawless (1994).
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4.5.3 Asymptotic properties under misspecification

We address Problem 1 stating the limiting distribution of the proposed test statistics under the alternative
Hi1 : Py ¢ M. This needs the introduction of Q. , the projection of Py on M. Assumption 6 below ensures
the existence of the “pseudo-true” value 6* as well as the existence of the projection Qj. of Py on M,
and states some necessary other regularity conditions. Proposition 4.2 above states the existence and
characterization of the projection Q) of Py on My, for a given 6 € ©.

Assumption 4.6. a) © is compact, 0" := arginfgce sup,cp, E[m(X, 0,t)] exists and is unique; b) g( X, 0)
is continuous at each 6 € © with probability one; ¢) E [sup{9697t€Nt*(9)} |m (X, 9,t)|} < 00, where Ny=(p) C
Ay is a compact set such that t*(0) € int (Nt*(g)); d) for all 6 € O, the functions Igm,g1,...,q; are
linearly independent in the sense that Py {:c eR™ | to+ Z;Zl tjgi(x,0) # 0} > 0, for all t € R with
t#0.

Remark 4.12. Assumption 4.6.d ensures the strict concavity of the function t € Ay — E[m(X,0,1)]
on the convex set Ng, which implies the uniqueness of t*(0), for all @ € ©. This Assumption can be
replaced by the following one : for all € ©, there evists a neighborhood Ny(g) of t*(0) such that
E[SUPteNt*w) |lom(X,8,t)/0t]|] < oo, E[SupteNt*w) Ha2m(X,9,t)/8t2H] < 00, and the matrix

E [82m(X, 0, t* (0))/8t2] < o0 is nonsingular, which implies the uniqueness of t*(0), for all 6 € ©.

Theorem 4.6. Under Assumption 4.6, we have

(a) |[t(8) — t*(8)|| converges in probability to O uniformly in 6 € ©;
(b) 5@ converges in probability to 6*;

(c) 134,(/\/1, Py) converges in probability to Dy,(M, Py).

The asymptotic normality of the test statistics under misspecification requires the following additional
conditions.

Assumption 4.7. a) 0* € int(©); b) there exists N' C ©x Ag, some compact neighborhood of (0*,t*(6*)),
s.t. with probability one (0,t) € N+ m(X,0,t) is C* and E[sup(gnen 10m(X,0,1)/0(0,t)]l] < oo,
Blsup(g e [07m(X.,0,1)/0(6,]] < o0; ) as 6 -0,

E { sup 162m (X, 0,£)/0(0, )% — &*m(X, 0%, t*(6%)) /(0 t)?\\} Lo
{(t,0);]1(£,0)— (£ (6%),0%)1 <5}

d) E [m(X, 0%, t*(6"))%] , E [Ham(x, 9*,75*(9*))/375”2} and E [||am(X, 9*,t*(9*)/89||2] are finite, and the

St Sz
Sa1 Sa2
iy = So1 T = E [0%m(X, 0%, £°(0%))/0t06] and Sy := B [02m (X, 0%, +*(6%))/06?)

matriz S := ( ) , is nonsingular, where Sy, := E [0*m(X, 6%, t*(6%))/0t?],

Remark 4.13. Assumption 4.7.c is used here to relax the condition on the third derivatives (in t and 6)
of the function (0,t) — m(X,0,t).

Theorem 4.7. Under Assumptions 4.6 and 4.7, we have

(a) /n (f(@:p) — t*(@*),é\w — 0*) converges in distribution to a centered normal random vector with co-

[ 9m (X,0%,t*(0%)) } [ Sm (X, 0%, 1%(0%)) r] :

variance matriz W := S_lMS_l, where M = E . w s % a% ! 0%
L (X, 0%,7(07)) | | G (X,0%,¢(6%))

(b) /n (]_/ip(./\/l, Py) — Dy(M, Po)) converges in distribution to a centered normal random variable with
variance o*(6*) :=E [m(X, 0%, t*(6%))?] — [E[m(X, 0%, t*(0*)]]?.
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Remark 4.14. In the case of EL, i.e., when ¢(z) = —logx + = — 1, Assumption 4.6.c implies that

—o0o < inf to+t' g(z,0) < sup to+t g(z,0) <1 (4.35)
zER™ rER™

for all x € R™ — Py-a.s., for all § € © and for all t € Ny«(p). This imposes a restriction on the model when
the support of Py and the functions g; are unbounded. Indeed, when the support of P is for example the
whole space R™, the condition above does not hold when g is unbounded. In this case, the EL estimate
may cease to be consistent as it is stated by Schennach (2007) under misspecification. This is a potential
problem for all divergences associated to ¢-functions with domain of the form (a,,+oo|, | — c0,b,) or
(ap,by), where a, and b, are some finite real numbers; it is the case of modified x?2, Hellinger, KL
and modified KL divergences. At the contrary, Assumption 6.c may be satisfied for other divergences
associated to ¢ functions with dom, = R which is the case of x2-divergence for example.

Remark 4.15. Theorem 4.7 part 2 is useful for the computation of the power function. For testing the
null hypothesis Hg : Py € M against the alternative H; : Py ¢ M, the power function is

Py ¢ M B(P) = By [271]5@ (M, Py) > x2_4(1 — a)} . (4.36)
Using Theorem 4.7 part 2, we obtain the following approximation to the power function (4.36)

B(Py) 1~ Ey | YT <x?d<1a)

D) o (4.37)

— Dy (M, Po)>

where F)s is the empirical cumulative distribution of the standard normal distribution. From the proxy
value of B(Fp) hereabove, the approximate sample size that ensures a given power [ for a given al-
ternative Py ¢ M can be obtained as follows. Let ng be the positive root of the equation § =

n 2 (1-a) . a+b)—+/ala+2b % _
1 —Fy [J\(/@:) (Xl o - D, (M7P0)>] , L6, ng = (QD)AT;O)Q), where a := o(0*)? [FNl (1-— 5)]

and b:= x? ,(1 — a)D, (M, P,). The required sample size is then |ng| + 1.

4.6 Concluding remarks and possible developments

We have proposed new estimates and tests for model satisfying linear constraints with unknown parameter
through divergence based methods which generalize the EL approach. This leads to the obtaining of the
limiting distributions of the test statistics and the estimates under alternatives and under misspecification.
Consistency of the test statistics under the alternatives is the starting point for the study of the optimality
of the tests through Bahadur approach; also the generalized Neyman-Pearson optimality of EL test (as
developed by Kitamura (2001)) can be adapted for empirical divergence based methods. Many other
problems remain to be studied in the future such as the choice of the divergence which leads to optimal
(in some sense) estimator or test in terms of efficiency and/or robustness. Preliminary simulation results
show that Hellinger divergence enjoys good properties in terms of efficiency-robustness. Also comparisons
under local alternatives should be developed, as well as the case where the number of constraints grows
with the sample size.



Chapter 5

Statistical inference for semiparametric
two-sample density ratio models

This Chapter presents our papers Keziou and Leoni-Aubin (2005) and Keziou and Leoni-
Aubin (2008). We consider estimation and test problems for semiparametric two-sample
density ratio models. The profile empirical likelihood (EL) poses an irregularity problem
under the null hypothesis that the laws of the two samples are equal. We show that a
“dual” form of the profile EL is well defined even under the null hypothesis. A statistical
test, based on the dual form of the EL ratio statistic (ELRS), is then proposed. We give an
interpretation for the dual form of the ELRS through the convex conjugate expressions of
p-divergences. The asymptotic properties of the test statistic are presented both under the
null and the alternative hypotheses, and approximation of the power function of the test
is deduced. We refer to Keziou and Leoni-Aubin (2008) for proofs and simulation results,
illustrating the accuracy of the proposed estimates, tests and power approximations.

5.1 Introduction and notation

We consider the following problems : two-sample test for comparing two populations and estimation of
the parameters for semiparametric density ratio models. We have at hand two samples : Xo1,..., X0,
with distribution P and Xj 1,..., X1, with distribution (). Both distributions ) and P are defined on
R™, m > 1. We consider the following semiparametric density ratio model

%(m) — exp {a + 87 b(:c)} = 1r(6,2), (5.1)
where 87 := (a, BT) is the parameter of interest which we suppose to belong to some open set © C R+,
We assume that the above model is identifiable, and denote by 9; = (ap, ,6‘;) the true value of the
parameter. For simplicity, we sometimes write r(6,z) instead of exp {a + ﬁTb(x)}. b(-) is a known
(basis) function on R™ with values in R?. It often takes the form b(z) = (z,22,...,29) ", if m = 1, and
the model (5.1) is sometimes called “log-linear model” in this case. The supports of the two laws @ and
P may be known or unknown, discrete or not, bounded or unbounded. We now give some statistical
examples and motivations for model (5.1).

5.1.1 Comparison of two populations

In applications, we often come across with the problem of comparing two distributions. The use of the
well known t—test requires to assume that both samples are normally distributed with unknown means
and common (known or unknown) variance. The t—test enjoys several optimal properties, for example it
is the uniformly most powerful unbiased test (see e.g. Lehmann (1986)). If both @ and P are normally
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distributed with equal variance Q = A (ug,0?) and P = N (u1,0?), then, the ratio % takes the form

Q

2 2
) _ P2 m
o5 and 8 = (5.2)

(x) =exp{a+ Bz}, where a = 5,7 PR

It follows that testing the hypothesis Hg : @ = P is equivalent to testing the parametric hypothesis
Ho : By = 0. We underline that 3, = 0 implies ap = 0. Kay and Little (1987) and Fokianos (2003)
observed that there are many practical examples for which the choice

aQ

To@) = exp {a +87 b(x)} : (5.3)

where b(-) is an arbitrary (but known) function, is more appropriate. When the two samples Xg 1, ...,
Xo.no and X1 1,..., X1, are independent, Fokianos et al. (2001) presented a Wald-type test, for the null
hypothesis Hg : Q = P or equivalently Hg : 37 = 0, where the test statistic is based on a “constrained”
empirical likelihood estimate of the parameter B, (see Qin (1998)) and an empirical estimate of the
limiting variance. When the semiparametric assumption (5.1) fails, the test commonly used is the non
parametric Wilcoxon rank-sum (see e.g. Randles and Wolfe (1979) and Hollander and Wolfe (1999)). We
expect it not to be powerful, since it does not use the model (5.1). For the model (5.1), the empirical
likelihood ratio statistic is not well defined under the null hypothesis Hg : @ = P (see Section 1.3
below). This problem has been observed also by Zou et al. (2002) in the context of a semiparametric
mixture models with known weights (see Zou et al. (2002) Theorem 1). We propose to use, instead of the
empirical likelihood ratio statistic, its “dual” form, see (5.21), to perform a test of the null hypothesis
Ho : Q = P, which is well defined regardless of the null hypothesis. Simulation results, presented in
Keziou and Leoni-Aubin (2008) Section 4, show that the observed level of our test based on the statistic
(5.21) converges (to the nominal level) better than the observed level of the test proposed by Fokianos
et al. (2001). Using p-divergences and “duality” technique, we give an interpretation for the proposed
statistic (5.21), the dual form of the empirical likelihood ratio statistic; see (5.29). This interpretation
allows us to give the asymptotic law of the proposed test statistic under the alternative hypothesis. We
apply this result to give approximation of the power function of the test in a similar way to Morales and
Pardo (2001), who gave some approximations of the power functions of p-divergences tests in the context
of finite discrete parametric models for distributions. Recall that a ¢-divergence between two probability
measures ) and P, defined on a measurable space (X, ), when @ is absolutely continuous with respect
to P, is defined by

D@7 = [ ¢ (fp) ar) (5.4)

where ¢ is a real nonnegative convex function satisfying ¢(1) = 0. Note that D,(Q, P) is nonnegative,
D,(Q,P) =0 when @ = P. Further, if ¢ is strictly convex on a neighborhood of one, then D,(Q, P) =0
if and only if @ = P; we refer to Liese and Vajda (1987) for a systematic theory of p-divergences.

5.1.2 Logistic model and multiplicative-intercept risk model

Consider the logistic model which has been widely used in statistical applications for the analysis of
binary data, in particular in binary classification, see e.g. Agresti (1990), Hosmer and Lemeshow (1999)
and Hosmer and Lemeshow (2000). Suppose that Y € {0,1} is a binary response variable and that
X € R™, with here m = d, is the associate covariate vector. The logistic model has the form

.
Pr(Y = 1|X = g) = PO+ 0 @)

= , veR, BeR% (5.5
1+ exp(y+ BT:B) )

Note that the marginal distribution of X, denote it Px(+), is left completely unspecified. One of the major
reasons of the logistic regression model has seen such a wide use, especially in epidemiologic research,
is the ease of obtaining adjusted odds ratios from the estimated slope coefficients when sampling is
performed conditional on the outcome variables, as in a case-control study. In a case-control study the
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binary outcome variable is fixed by stratification. In this type of study design, two random samples of
sizes ng and n; are chosen from the two strata defined by the outcome variable, i.e., from the subsets
of the population with ¥ = 0 and Y = 1, respectively. This is called retrospective sampling. Denote
by Xo1,...,Xon, the observed covariates from the control group, and by Xji,...,X;,, those from
the case group. We aim to estimate the parameters v and 8 using the two samples Xo 1, ..., Xon, and
Xi1,-..,X1n,.- Weshow that the logistic model (5.5) writes in the form of the model (5.1). So, let fx(-)
denotes the (density) function of the covariates X, and put

m:=Pr(Y =1)= /Rd Pr(Y =1|X =x) fx(x) dzx,

and assume that

fi(x) == fx(x|Y =i) = dPx(z|y =i)/dz, i = 0,1,

exist and represent the conditional density functions of X given Y = i. It is not difficult to manipulate the
case-control likelihood function to obtain a logistic regression model in which the dependent variable is
the outcome variable of interest to the investigator. The key step in this development is a straightforward
application of the Bayes theorem, that yields

o) — exp(y + B x) . L ) )
fi(z) (1+exp('y+5Tw))7er( ) and fo(z) (1+8Xp(’y+ﬁT:B))(l—7r)fX( ).

So,
j%g; = el 8T = e {7 + log <17_r7r) +,6Ta:} = exp(a+ 87 z),

where o := v + log (177“) Thus, model (5.5) is equivalent to the following two-sample semiparametric
model

Xo1,-- Xome ~ [fx(x|Y =0)=: fo(x),
Xl,la .. ?XLnl ~ fx($|Y = 1) = fl(a:) = exp(a + BTm) fo(ﬂ?) (56)

More generally, we can consider the multiplicative-intercept risk model, i.e.,

Doy — 11X — ) — 00 +8Tb(@))

= , YER, BeRY
1+exp(y + B b(z))

where b(-) is a given (basis) function from R™ onto R?. In this case, as above, we obtain the following
two-sample semiparametric model

Xoj,--s Xomg ~  Jo(x)
Xigoo s Xig ~ fi(@) = exp(a+ B b(@)) fo(@). (5.7)
Hence, models (5.6) and (5.7) are particular cases of models (5.1) by taking % = fo and % = f1. Many

other examples and motivation of density ratio models (5.1), as well as their rule in machine learning
and binary classification, are given in the book by Sugiyama et al. (2012a). For models (5.1), when

the two samples Xo 1,..., Xon, and X1 1,..., X1 5, are independent, Qin (1998) presented an estimation
procedure of @7 based on the empirical likelihood approach (see Owen (1988, 1990, 2001)), using the
likelihood of the independent variables Xo 1, ..., X0 n,X1,1,- .., X1,5,. However, an important special case

of the case-control study is the matched (or paired) study. In this design, subjects are stratified on the
basis of variables believed to be associated with the outcome (an example of stratification variable is the
age for each of the individuals in the survey). Within each stratum, samples of cases (Y = 1) and controls
(Y = 0) are chosen; the most common matched design includes one case and one control per stratum
and is thus referred as 1-1 matched study. The rest of the present Chapter is organized as follows: we
end this Section recalling the estimation method proposed by Qin (1998). In Section 2, we show that the
irregularity problem of the profile empirical likelihood can be adjusted in the context of model (5.1). We
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next give a regularized version of the profile empirical likelihood using duality techniques. A statistical
test, for the null hypothesis Hg : @ = P, is then proposed. An other point of view at the test statistic is
given using the convex conjugate expressions of the ¢-divergences. In Section 3, we study the asymptotic
behavior of the proposed test statistic under the null and the alternative hypotheses with independent
samples, and we give an approximation to the power function which leads to an approximation to the
sample size n = ng + n; guaranteeing a desired power for a given alternative. Concluding remarks
and possible developments are presented in Section 4. In the sequel, we sometimes write Pf instead of
[ =z ) for any function f and any measure P.

5.1.3 The profile EL and its irregularity under the null hypothesis Hy: Q = P

In the present setting, the estimation method proposed by Qin (1998), which is based on the empirical
likelihood approach (see Owen (1988, 1990, 2001)), can be summarized as follows. For any € € ©, the
empirical likelihood of the two combined samples, Xo1,...,Xon, ~ P and X1 1,..., X1, ~ @, if they
are independent, is L(6, p, q) =172, p(Xo,) H? 19(X1;). Since ¢(x) = (0, z)p(x ) then L(0,p,q) can
be written as L(0,p, q) = [Tr—o [11*; p(Xk.:) [T/, (6, X1,4). For brevity, we write py; instead of p(Xp;),
and put p := (po,1,---,P0mgs P11s-- - ,pl’m)T € R”, where n := ng + n1 is the total sample size. Hence,
the log-likelihood is I(0, p) := Z;lg:o ok logpri+ Y ity log [r(0, X1;)] . The profile log-likelihood (in 0)
is then

0(0) = Sélcp 1(0,p), (5.8)

where p is constrained to the set

Co := {pERi” such that ZZp;“fland ZZp;“ (0, Xk,i) —1]0}

k=0 =1 k=0 =1

The EL estimate of 87, proposed by Qin (1998), is

0 := argsup £(0). (5.9)
6co

Qin (1998) has proved that the estimate 0 is optimal, in the sense of Godambe (1960), in the class
of all estimates obtained by unbiased estimating functions, when r(6,x) is of the exponential form
exp{a + B8"b(x)} and « is unknown; see Qin (1998) Theorem 3. For a given 8 € ©, the profile log-
likelihood ¢(0) is well defined (and finite) if and only if

there exists p € Cg such that [[(0,p)| < oc. (5.10)

This condition means that 0 is inside the convex hull generated by the points [r(6, X;;) — 1], k =0,1,i =
1,...,ng, le.,

n]%iin [r(0, Xi;) —1] <0< max [r(0, Xi;) —1]. (5.11)
So, when Bp # 0 and if P is not degenerate, using similar arguments to those in Zou et al. (2002)
Theorem 1, we can show that there exists a neighborhood of 87, say N(07), such that for all 8 € N(07),
the assumption (5.10) holds as ng — oco. Hence, 8 € N(671) — ¢(0) is well defined for ng sufficiently large.
However, when Q = P (i.e., when B = 0), then obviously the set Cg is empty for all @ = (o, 37) T
with a # 0 and 8 = 0. So, when Q = P (i.e., when 67 = 0), there exists no neighborhood N(67) of 61
such that the profile empirical log-likelihood function 8 +— £(0) is well defined on all N(67). Consequently
the estimate 6 is not well defined also in this case. In the following Section, we will show, using some
arguments of duality theory, that this problem can be adjusted in the context of the model (5.1).



5.2 Adjustment of the profile empirical likelihood 69

5.2 Adjustment of the profile empirical likelihood

If the assumption (5.10) holds, then ¢(8) is finite, and the unique “optimal solution”, say p (i.e., the
value of p which yields the supremum in (5.8)), as an explicit expression of (5.8) can be derived by a
Lagrange multiplier argument and the Kuhn-Tucker Theorem (see e.g. Rockafellar (1970) Section 28).
In fact, the “dual” problem associated to the “primal” one (i.e., the optimization problem (5.8)) can be
written as follows

ni
inf Xy —n — log (—Xo — M\ [r(0, X1) — 1))+ ) 1 0,X1;) ¢,
Ao}ieR { 0o—"n z;); og (—Xo 1[r( k,) ), ; og r( 17)}

where log(.) is the function defined on R by log(z) = logx if 2 > 0 and log(x) = —oco elsewhere. So, by
the Kuhn-Tucker Theorem, under condition (5.10), the infimum in (5.12) is attained, and the following
equality

1 ng ni
sup 1(0,p) = inf {—AO —n =YY Tog(—Xo— A [r(0, Xp:) —1]) + > _logr(#, Xl,i)} ., (5.12)

Ao, 1 E€ER
PECe 0:ALE k=0 i=1 i=1

holds. The “dual” optimal solution, say (Mo, A1), (i.e., the argument infimum in (5.12)) can be derived
by differentiation. Furthermore, (g, A1) and p satisfy

1
D = ———= , k=0,1,i=1,...,ng.
o = A (8, Xi) — 1]
Hence, using the fact that P satisfies the constraints, we obtain A\g = —n and \; is the solution (in A7)
of the equality
3 S R
kaln_)\l OX]CZZ) ]

Finally, under condition (5.10), the equality

((0) := sup (6, p) = 1nf{ ZZlog (1+ X[ (0, Xg;) —1])] +§:logr0 X“)} (5.13)

peCo k=0 i=1 i=1
holds with finite values, and the unique optimal solution p := (py;), k = 0,1, i =1,...,n, exists and it
is given by
1 1
Pri= 7= vk, Vi, (5.14)

n1+Xr(0, Xg;) — 1]

where \ is the unique dual optimal solution in (5.13). It is the solution (in A) of the equation

1 ng
1 (0, Xp0) —1
=0. 1
kzoznlJr)\ [r(6, Xki) — 1] ’ (519

Hence, the EL estimate 0 of 01 can be written as follows

é—argsuplnf{ ZZlog 1+ A0, Xy;) —1])] +Zlogr9X12)}. (5.16)

R
CECRS k=0 i=1 i=1

By differentiation with respect to @ and A, interestingly, one can see by simple calculus that the Lagrange
multiplier A in (5.16) has the explicit solution A\(@) = "%, which does not depend on the data. Hence, the

value of the log-likelihood (5.13) in € can be simply written under the following full parametric expression

06) = —nlogn — 21: ilog (1 + % [r('é, Xpoi) — 1}) n ilogr(é, X1.4). (5.17)
=1

k=0 =1
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Therefore, the EL estimate 0 can be written as

1

ng n
0 = arg sup {—nlogn - Z Z log (ﬁo + 57 (8, X;”)> + Zl: log (8, Xl,i)} , (5.18)

9¢6 k=0 i=1 i=1

where py := ng/n and p1 := nj1/n. In summary, under the null hypothesis Hy : Q = P, i.e., when B = 0,
the profile log-likelihood ¢(8) is not defined for some 8 (see Section 1.3). So, in view of (5.17) and (5.18),
we propose to consider, instead of £(0), the “dual form”:

1 ng ni

04(8) = {—nlogn 3% log <ﬁo + (0, X;w)) +Y logr (8, XM)} : (5.19)
k=0 i=1 i=1

which is well defined for all @ € © regardless of the null hypothesis Hg : Q = P, and to redefine the EL

estimate @ as follows

6 := arg sup £4(0), (5.20)
6co

Note that, under condition (5.10), we have 6 = 6 and Ed(/O\) = ((8). Now, we give an interpretation to
the “dual form”

Sy = 2Wd(§) =2 [sup 24(0) + nlog n} (5.21)
0cO
of the empirical likelihood ratio statistic
2W () := 2 [sup 0(6) +nlog n} (5.22)
6cO

(associated to the null hypothesis Ho : Q = P). First, let @, and P,, be, respectively, the empirical
measures associated to the samples X1 1,...,X1,, and Xq1,..., X p,, namely,

1 & 1 &
Qni() = 1= D 0, () and Pog()i= =30, 0,
i=1 i=1

with 04(+) denotes the Dirac measure at point @, for all . By simple calculus, we can show that the
proposed statistic (5.21) can be written under the form

So=2nsw{ [ 1(0.5.2)d0u (@)~ [ (0.2 8, (@)}, (5.23)
6co Rm m
where
f(G,ﬁ, .’B) = p/\llog (ﬁb —|—p/\17’(0,$)> - p/\llogr<07w)a (524)
g(aaﬁa iU) = ﬁblog (p/b"i_p/\lr(evw))a (525)

_‘

with p:= (po,p1)" = (no/n,n1/n)". Assume that, when the total sample size n := ng + n; — 0o, then
p— p:=(po,p1)' for some positive real numbers py and p; in ]0,1[. Obviously, we have py + p1 = 1.
Therefore, in (5.23), 2n is a normalizing term, and the second term can be seen as the “empirical” version
of
sup { £6.0.2) iQ@) - [ 6.p.2) dP(w)} - (5.26)
6co (Jrm m
On the other hand, applying the “dual representation of p-divergences” (see Theorem 2.1 in Keziou
(2003a) and Theorem 4.4 in Broniatowski and Keziou (2006)), for the class of functions
F={xeR"— ¢, (r(0,x));0 € ©}, we obtain the equality

s { [ 1000 d0w) - [ sprar@ | = [ o (@) iP@ =D, @P. G20

6co
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where ¢, (-) is the particular real strictly convex function, defined Vz € R, by

wp(x) == pro(z) — p(po + prz)  with  ¢(x) =zloger —a + 1. (5.28)

Note that the divergence D, (-, ), associated to the above function ¢,(-) in (5.28), is a member of the
class of p-divergences (5.4), since ¢,(-) is convex on R with values in [0, +-00] and satisfying ¢,(1) = 0. We
propose to call it “weighted” Kullback-Leiber divergence. So, by (5.23), (5.26) and (5.27), 2n~'Wy(8)
can be seen as an empirical estimate (which we denote ﬁ%(Q,P)) of the weighted Kullback-Leiber
divergence D, (@, P), between @ and P. Since D, (Q, P) is nonnegative and takes value 0 only when
@ = P, it is reasonable to perform a test that rejects the null hypothesis Ho : @ = P when the statistic

Sp = Qnﬁ%(Q, P) =2nsup { f(0,p,2)dQy, (x) — /
Rm

9(0.5.2) dPay <w>} . (5.29)
0cO

m

see (5.21) and (5.23), takes large values. The DEL estimate 0 of 07, see (5.20), can be written then as
follows

6 = arg sup { - f(0,p,x) dQn, (z) — /

0(6.9.2) P, (a) | (5.30)
6cO

On the other hand, by Theorem 2.1 in Keziou (2003a) and Theorem 4.4 in Broniatowski and Keziou
(2006), we can prove that the supremum in (5.26) is unique and reached at 6 = @7. This indicates that
the estimate @ of @7 may converge (as M-estimate) to @7 even when the samples are paired.

5.3 Asymptotic behavior of the estimate and test statistic under the
null and the alternative hypotheses, and approximation of the
power function

In this Section, for independent samples, we give the asymptotic properties of the estimate 0 (of the
parameter O7) and the test statistic (5.29) both under the null and the alternative hypotheses. As an
application, we obtain approximation of the power function for a given alternative. For brevity, in the
following, we sometimes omit the subscript p in (80, p,x) and ¢(0, p,x). In all the sequel, f/'(8,x) and
1" (0, x) denote, respectively, the gradient and the Hessian of f at the point 6, for all x and any function
f. We use the notation | - | for the Euclidean norm. Let pj := ni/n and pp := ng/n, and assume that
p1 — p1>0and pyg — po > 0 when n := ng +ny — oo. Denote also

0 =20 [ 10.5.0)d00@ - [ a0.5.0)am (@)}

Rm
We give our results under the following assumptions

(A.1) There exists a neighborhood N(07) of 87 such that the third order partial derivative functions
{x — (0°/06;00;00;)f(0,x); 8 € N(O7)} (resp. {x+— (0°/06;00;00;)9(0,x); 6 € N(07)}) are

dominated by some function @-integrable (resp. some function P-integrable);

(A.2) The integrals Q |f"(07, )%, P|g' (07, ), Q|f" (07, z)| and P|g" (67, x)| are finite, and the matrix
Uy(07) = —[Qf"(0r,x) — Pg"(07,x)] is non singular.

Theorem 5.1. Assume that assumptions (A.1-2) hold.

(a) Let B(87,n"/3) := {6c06; 10-067| < n_1/3}. Then as n — oo, with probability one, £,(0)
attains its mazimum value at some point 0 in the interior of the ball B(0r, n_1/3), and the estimate
0 satisfies £,,(0) = 0.
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(b) /n (5— BT) converges in distribution to a centered multivariate normal random wvariable with

ol 4ol o]
covariance matriz My(07) = U,(01)™' — D, where D = [ 00 ! OdOT } . If Q = P, then the
d dYq
limiting covariance matriz can be written as
11 Pb(z)" [ttt 0]
Mo(0)=p0 P | pb(@) P(ba)ba)") 04 007 |° (5:31)

(c) Under the null hypothesis Ho : Q = P, the statistic S,, converges in distribution to a x*-random
variable with d degrees of freedom.

In order to give the asymptotic properties of the test statistic .5, under the alternative hypothesis H; :
Q@ # P, we need the following additional assumption pertaining to the functions f and g defined in (5.24)
and (5.25).

(A.3) The integrals Q (f(67,x)?) and P (g(67,x)?) are finite.

Theorem 5.2. Assume that assumptions (A.1-3) hold. Then, under the alternative hypothesis Hi : Q #
P, we have \/n [(2n)~'S, — Dy, (Q, P)] converges in distribution to a centered normal random variable
with variance o*(0r1) := p; Vo (f(0r,2)) + py ' Vp(g(87,)).

Remark 5.1. Using Theorem 5.1 part (c¢), we propose to reject the null hypothesis Hy : Q = P if
Sp > xA(1 — ), where x3(1 — «) is the (1 — a)-quantile of the x* distribution with d degrees of freedom.
This leads to a test asymptotically of level a. The asymptotic result in Theorem 5.2 allows to give approx-
imation of the power function for a given alternative: for a given B # 0, we obtain for the power func-
tion B(-) : Op — B(O1) := Po, {Sn > x3(1 — @)} the following approzimation Py, {Sn > x3(1 —a)} ~

1—Fy (62{)@) [(2n)'X3(1 — @) — Hn(OT)]) , where Fr(+) is the cumulative distribution function of a

normal random variable with mean zero and variance one, 5(87)% == py [Qn, (£(07)%) — (Qn, f(07))?] +

Pt [P (9(07)2) — (Prog(07))?] , and Hy(07) := Q. f(07) — Payg(07). Note also that the power B(07),
by the asymptotic result in Theorem 5.2, tends to one, as n — oo, under the alternative hypothesis

Hi:Q # P.

5.4 Discussion and directions for future research

We have addressed the problems of estimation and test of homogeneity in semiparametric two-sample
density ratio models. The profile EL poses an irregularity problem under the null hypothesis Hy that
the two laws of the two samples are equal. We have showed that the dual form of the profile EL is well
defined even under the null hypothesis, then we have proposed a test of homogeneity based on the dual
form of the EL ratio statistic. We have showed, using the dual representation of p-divergences, that the
test statistic can be seen, up to some normalization term, as an estimate of a particular -divergence,
that we have called weighted Kullback-Leibler divergence, between the two laws, and that the dual EL
estimate @ of @7 can be seen as the dual optimal solution in the dual representation of this divergence.
The advantage of this new point of view is

- It allows to obtain the limiting distribution of the test statistic under the alternative hypothesis
which we use to give approximation to the power function of the test;

- It suggests to generalize the test and the estimate of the parameter to a class of tests and to a class
of estimates using the weighted ¢,-divergences associated to the subclass of real convex functions
©p(-) of the form ¢,(x) = pre(x) — ¢(po + p1x), where ¢(-) is any convex lLs.c. function defined
on R with values in [0, +o00] such that ¢(1) = 0. The estimates of the divergence D,,(Q, P) and
the parameter @7 will be defined as in (5.29) and (5.30), where p := (pg, p1)" will be replaced
naturally by p:= (n/ng,n/n1)". We obtain then a large class of estimates and tests that contains
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the dual empirical likelihood ones. Using the result of Qin (1998) Theorem 3, one can show that
the DEL estimate is the optimal one (in the sense that the limiting variance is minimal) among all
estimates associated to weighted ¢, -divergences, if the ratio r(-) is of the exponential form (5.1).
But it is not clear if this interesting result holds if the ratio takes other form than the exponential
one. It would be interesting in this case to give how to choose the divergence D,, which leads to
an “optimal” (in some sense) estimate or test in term of efficiency/robustness, for different models
(0, z), not necessary of the exponential form (5.1). Note that this class of estimates is different from
that proposed in Keziou (2003b) Chapter 2, where we have used divergences associated to convex
function ¢ not depending on the weights of the two samples. Therefore the class of estimates
introduced in Keziou (2003b) Chapter 2 does not contain the DEL one. Nguyen et al. (2010)
considered also the problem of estimating D,(Q, P) and the ratio r(-) using the same method as
in Keziou (2003b) Chapter 2, and extend the results to the case where the ratio r(-) may lay in
infinite-dimensional function space, but this class of estimates also does not contains the DEL one.

- In the important case of paired samples, the asymptotic results presented in Section 4 hold with
some modifications for the limiting variance expressions. It would be worthwhile also to involve the
problem of Bartlett correctability of the test statistics S,,, as well as model selection for the ratio
r(6, ) using the proposed estimate of the weighted Kullback-Leibler divergence. We aim also to
investigate our proposed estimates using D, -divergences in the case where the ratio 7(-) lies in
infinite-dimensional space.

- Other promising problem, is the use, in a retrospective sampling context, of the proposed estimates
of the ratio, to define binary classifiers and to compare their efficiency with existing methods. These
developments will be reported in future communications.
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Chapter 6

Statistical inference for semiparametric
multi-sample density ratio models

We use our dual representations of multivariate v¢-divergences, presented in Keziou (2015),
see also Chapter 2, to define a new family of estimates and test statistics with multiple
samples (1+ K samples) under semiparametric density ratio models. We show that the dual
empirical likelihood estimate and test correspond to a special “weighted” 1),-multivariate
divergence, depending on the parameters p := (po,...,pr)' which represent the weights of
the samples. Moreover, the present approach allows obtaining the asymptotic properties of
the estimates and test statistics both under the null and the alternative hypotheses. This
leads to accurate approximations of the power function for any used criterion, including
the dual empirical likelihood one, which is of its own interest. Moreover, the multivariate
divergences context leads to a new definition of Information criterion, and by product a
new model selection procedure with multiple samples under density ratio models, as well
as a new procedure of multi-group classification based on the proposed estimated ratios.
For more detail and proofs, we refer to Keziou (2015, 2016).

6.1 Introduction, notation and motivation

In this Chapter, we investigate statistical inference for multiple density ratio models (MDRM). Suppose
we have 1 + K random samples,

(XO,lv cee 7X07n0)7 (X1,17 o 7X1,n1)7 ey (XK,17 cee 7XK,nK)7 (61)

of 1 + K random variables (or vectors) Xo, Xi,..., Xk, defined on a probability space (2,4, P) with
values in X = R™,m > 1, and distributions Py, Q1, ..., Qk, respectively. The MDRM postulates that

dQy

— = fi 11 =1,.... K 2
dPO(:c) rp(Ok,z), forall k ... K, (6.2)

for some known function (0, z), of x € R™, and unknown vector-valued parameters 8 € O C R,
We require, for all k =1,..., K, the identifiability of the parameter @y, in the sense that

if (0, 7) =ri(0),x) Vr— Pp-as., then 6 =80;. (6.3)
We denote then by 87 := (8]7,...,0%7)" the unique true value of the parameter 8 := (8] ,...,05)" €
©1 X -+ X O. Typical examples of such MDRM models are the following exponential ones

(61, 7) = exp {6 by(@) ) k=1, K, (6.4)

for some known vector-valued (basis) function

bu(e) = (bio(a) bk(x)T)T — (Bro(@), bt (@) b, ()T € RV 3 € R,
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with values in Rt and corresponding unknown vector-valued parameters 6; := (ak,ﬁz)T € 0, C
R*4 When the exponential MDRM (6.4) is considered, for technical raisons, we will represent the vector
parameter using a different parametrization as follows 07 = (al, .0, BlT, NG} KT) , and will denote
o0r' = (alT, ook B, ,,BKTT) for the true value of the parameter; ® denotes the new domain
of the parameter 6. Note that the parameter space © is a subset of RE*? with d := Zszl di. We require
also the first component of by(-), for each k, to be the constant function one, i.e., byo(-) := Lrm(-),
the indicator function of R™. This makes the corresponding first real true value agr, of the vector
01 = (akT,BkTT)T, a normalization parameter, for all k = 1..., K. In particular, we have air = 0,
whenever B, = 0. However, the value a; # agr is assumed to be free, for all £k = 1,..., K. We
will assume then, for all k = 1,..., K, that the parameter space O is such that its interior int(©y) in
R+ is not void. The basis function vector by (-) in (6.4) may depend on k, with different dimensions
di,...,dg. Observe also that, the distribution P, is unspecified. Only the density ratios are specified
through parametric functions. The components of b, () in (6.4) may be chosen, for instance, to be the
first 1+d}, elements of basis functions. Many other interesting examples of density ratio models, are given
in the book by Sugiyama et al. (2012a), for the two-sample case, in particular, in large dimension (i.e.,
when the dimension m of the variable space is large). Consider the test problem of the null hypothesis

Ho:Q1=-=Qkg =Py against the alternative H;:3IQx # Py, (6.5)

which is equivalent, in the context of the exponential MDRM, to testing

Ho:Bip == PBgr =0 against the alternative H; : 3B, # 0, (6.6)
since By = 0 implies agp = 0, for all £ = 1,..., K. In view of the basic property (2.3), in order to
perform a statistical test of the above hypotheses, we can use an estimate of Dy (Q1,...,Qk; Fp), and

reject the null hypothesis Hy when the obtained estimate takes large value. The plug-in estimate of
Dy(Q1,...,QK; ) is given by

5¢(Q1,...,QK;P0) = D¢(Q\1,...,@K;ﬁ0), (67)

obtained from the definition (2.2) of the v-divergence by replacing the distribution Py, Q1,...,Qx by
their corresponding empirical measures, namely,

B im0 b (1 Qi) = - 3o h e Quel) = 2 Y e (68)
1=1 1=1 i=1

associated to the multiple samples given in (6.1). Unfortunately, the above estimate is not generally
well defined, since, the absolute continuity condition is not satisfied (even for large sample sizes, if the
distributions are continuous, or discrete with unbounded support). Moreover, the estimator does not
make use of the semiparametric form of the MDRM. In the following section, we define, through our
convex conjugate representation of multivariate i-divergences (2.25), a new family of estimates and test
statistics in the MDRM context.

6.2 Inference with multiple samples in MDRM through conjugate rep-
resentation of i-divergences

Let us introduce the following notations for the measure and the density ratio vectors
Q:=(Q1,...,Q) and 7(0,2) := (r(8,z),...,7x(0,2))". (6.9)

Here, we consider the Borel o-filed (X, B) = (R™, B(R™)). Taking into account the form of the MDRM
(6.2), and choosing the class of functions

K K
F o= [[F=][{reR" 4y, (r(0,2));0c0O}, (6.10)
k=1 k=1
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we obtain from Theorem 2.3, the following dual formula

Du(Q; Po) = sup{z |t 00,0 dQua) = [0 (0, (r(8,0). 0 (r(6,2) dPo<x>}.

(6.11)
Furthermore, the supremum in the above display is unique and achieved in @7, the true value of the
parameter 8, i.e.,

K
eTzargsup{Z U, (r(8,2)) dQi(x) - / 0T (U, (r(0,2)), U ((6,2) dPo<x>}. (6.12)

oco | /rm

The uniqueness of the dual solution @7 follows from the uniqueness of the dual solution f(-) in Theorem
2.3 and the identifiability assumption (6.3). Furthermore, we have, for the function in the second integral
n (6.11) and (6.12), the explicit expression

Mx

U (U, (r(0,2)), -, (7 (O, )%, (r(6, 7)) — 1) (r(6, ). (6.13)

k=1
For brevity, for all @ € ©, denote by fx(8,-) and g(8,-), respectively, the real valued functions

fiu(8,-) iz € R™ v fi(0,2) =, (r(6,z)),k=1,... K, (6.14)

and

9(0,) :x e R™ = g(0,2) := 1%(0k, 2)00%, (1(6,2)) — ¢ (r(6,7)). (6.15)

I

We may write also Qf(6,z), instead of [, f(0,x)
Whence, the above formulas (6.11) and (6.12) can

Q(x), for any function f(€,z) and any measure Q.
e written as follows

T

Dy(Q; Ry) = sup {ZQkkal‘) Pog(eaﬂ'?)}

0c®
K
= sup {Z Eo, (f1(6,X})) — Ep, (g(H,Xo))} =: sup £,,(0) (6.16)
6cO 0cO
and
K
0r = argsup {Z Qrfr(0,z) — Pyg(0, x)} =: argsup £,(6), (6.17)
0c® 1 0c®
where
K
=" Qufi(8,2) — Pog(6,2). (6.18)

k=1
Therefore, by replacing, in the above dual formula, the distributions Py, Q1,...,Qx by their empirical
ones (6.8), we obtain the following “dual” plug-in estimate of the i-divergence D (Q; Fp)

Dy(Q;Ry) = sup {ZQkfkafﬂ) 1659(9795)}

0cO

1 1 .
= sup {; - ;fk(G,Xk,i) "o ;Q(H,Xo,z’)} =: sup £y (6) (6.19)

6co 6cO

and the following “dual maximum” -diverrgence estimates of the parameter

Ew = argsup {Z Qrfr(0,z) — j%g(@,m)} =: argsup%(@). (6.20)
6cO 6cO
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6.3 EL and v-divergences under the exponential MDRM

We give a brief introduction of empirical likelihood (EL) approach of Owen (1991) and Qin and Lawless
(1994) in the MDRM context; for more information we can refer to Qin and Zhang (1997), Qin (1998),
Fokianos et al. (2001), Keziou and Leoni-Aubin (2008), Chen and Liu (2013) and Cai et al. (2013). For
any 6 € ©, the EL associated to the independent samples (Xj;, i =1,...,n;), k =0,1,..., K, under
the exponential MDRM (6.4), is L(0,p) = Hé{:o [T p(Xki) 75 (0K, Xii); For k = 0, we set 6 := 0,
so that 79(6g,x) = 1,Vz € R™. In the EL approach, we consider the probability distribution P as if it
is discrete, and p(X} ;) is the mass induced by P on the observation Xy ;, for all k =1,..., K, and all
i=1,...,ny. Hence, p can be seen as a vector in R%.", where n :=ng+mn; +---+ng is the total sample
size, and such that the sum of its components is equal to one. The log-EL is

K ng K nyg

log L(6,p) = log [ [ [[ p(Xni)re(0r, Xii) = > (log p(Xy, ) + log re(0k, X)) -
k=0i=1 k=0 =1

The model assumption (6.4) implies that

/ r(0;,z)dP(x) =1, VI=0,1,..., K. (6.21)
Thus,
K ng
Zzp(Xk,i)rl(alan,i) =1, Vi=0,1,...,K, (622)
k=0 =1

for the empirical version. The profil log-EL (in ) is then defined by
K ng
((6) = sup log L(0,p) = sup Y > (log p(Xy,i) + log i (0k, X.:)) , (6.23)
peCo PECo 0 i=1
where p, due to (6.22), is constrained to the set
K ng K ng
Co = {p ERY™ Y N p(Xii) =1, ) p(Xei)ri(0p, Xe) =1,V =1,... K} . (6.24)

k=0 i=1 k=0 i=1

The EL estimate 5EL of the true value of the parameter 1 is then

051 = argsup £(6). (6.25)
6cO
For a given 0 € O, if the condition
dp € Cg such that |log L(0,p)| < oo (6.26)

is satisfied, then by Lagrange multipliers theorem, we can see that the supremum over p, in (6.23), is
attained when

1
p(Xki) = e NVE=0,1,...,K,Vi=1,...,ng,
n {1 + > om0, Xy ) — 1]}
where (p1,...,pk) is the solution, which depends on @ and on the data, of the system of equations
K N
SN p(Xpi)ri(0r, Xpi) =1, V1 =1,..., K. (6.27)

k=0 i=1
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Given 0p1. Interestingly, using the explicit form the exponential MDRM (6.4), by differentiating ¢(0)
w.r.t. 8 at the point gy, and solving the system of equations

(8/00y)(BpL) =0, (9/0B)l(OpL) =0, Vk=1,... K,

one can show, as in the case of two-sample problem, see Keziou and Leoni-Aubin (2008), that the

corresponding Lagrange multipliers py, . .., px depend only on the sample sizes, and we always have p; =

ny/n, VI = 1,..., K. We obtain then, 0y, := argsup {(6) = argsupsup,cc, log L(0,p) = argsup £4(0),
0cO 0cO 0cO

where
K nyg K ng
£4(0) == —nlogn — Z Z log <po + Zpl (61, Xi ) + Z Zlog 7% (O, Xk,i)s (6.28)
k=0 i=1 k=1 i=1
with p; = n;/n, V1 =0,1,..., K. The function £4(-) has the same maximum value and point as the profile

log-EL £(-). Observe also that the function ¢4(-) are well defined for any 8, unlike the profile log-EL #(-).
In fact, in the particular case of two-sample problem, under the alternative hypothesis H1, that is when
the distributions are different, i.e., when 81 # 0, Zou et al. (2002) showed that if Py is note degenerate,
there exists a neighborhood N(€7) on which condition (6.26) is satisfied for ng sufficiently large, and
then the profile log-EL ¢(-) : 8 € N(07) — £(0) is well defined and finite; furthermore, they proved that
there is no such neighborhood under the null hypothesis that the laws are equal, and proposed to use a
partial profile empirical likelihood instead of ¢(-). Keziou and Leoni-Aubin (2008) showed that the dual
version £4(-) is well defined regardless the null hypothesis, and proposed to use it instead of the profile
log-EL £(-), since £4(-) is well defined regardless the null hypothesis that the laws are equal, and coincides
with the log-EL £(-)-profile under the assumption that the laws are note equals. Moreover, they proposed
a two-sample homogeneity test based on £4(-)-profile. Consider now, in the context of the exponential
MDRM, the test problem of the null hypothesis

Ho:Q1=---=Qk =Py against the alternative H; :3Qr # FPp.
or equivalently
Ho:Bipr = =PBgr =0 against the alternative H; : 38,7 # 0,
since B, = 0 implies a, = 0, for all k =1,..., K. The corresponding EL ratio statistic can be written

as follows

00,
S, = 2log SUPoce SUPpec, ((0:7) :2<

SUPpec, Hk OH@ 1p(Xk:i)

K nyg K nyg
= 2SUP{ ZZlOgP0+ZPsz 01, Xii)) + > > logri( Ok,le)}

6co

sup £4(0) + nlog n>
0co®

k=0 i=1 k=1 i=1
K ng K nyg

= 23115{22102;7% Ok, Xk.i) ZZlog ,00+Z,0m 01, Xk.i))
€O (k=1 i=1 k=1 i=1

no K
—> log(po + Y _ pimi(6y, Xo,i))}
=1 =1

K K
= 2nsup {Z/ prlogri(0k, ) — Prlog(Po + > pimi(0y, 7)) dQu(x)
k=17R"

0c® =
K

_ / _ polog(fo + > hiri(6r,x)) di%(:c)} = 2n Dy, (Q; Py), (6.29)

=1
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where g (+) is the particular “weighted” nonnegative proper closed convex function on R defined by
p g g prop

K K
YeL(T1, .., 1K) = YT, TK) = (Zﬁl 901(9%)) -1 (50 + Zﬁlﬂ) , (6.30)

=1 =1

where 7 is the nonnegative proper closed convex function on R defined by
p1(z) == (zlogz — x4+ 1)1, (z) + (+00) L) o (2)- (6.31)

Moreover, we have ¥gr(1x) = 0, and it is straightforward to see that ¥ g () is a member of the -
functions defined in (2.1). Whence, the dual empirical likelihood ratio statistic S, is equal to 2n times
the dual plug-in estimate of the particular v,-divergence defined by the convex function (6.30). Moreover,

the EL estimate 53 1 is equal to the corresponding dual maximum 1),-divergence estimate, namely,
K ~
O = Argsup {Z/ pilog i(0k, ) — pilog(po + Y _ pi (01, %)) dQy(x)

=1
K —~
—/ polog(po+ > b Tz(917$))dpo($)}-
Rm

=1

6.4 Asymptotic behavior of the estimates and test statistics

In this section, we give, in the context of exponential MDRM (6.4), the asymptotic properties of the dual
maximum ,-divergence estimates (6.20) of the parameter @7, and the dual plug-in estimates (6.19) of
the v ,-divergences Dy, (Q1,...,Qxk; Po), when 1, is of the particular form

by € RN o gy Zpl o(x1) (Po + Zpl wz) € [0, 00], (6.32)

where

p:x R p(x) € [0, +00] (6.33)

is any nonnegative proper closed strictly convex function, satisfying ¢(1) = 0, and such that 1 is an
interior point of its domain dom, := {z € R s.t. |p(x)| < co}. Note that all functions in (6.32) are
members of the -functions defined in (2.1). We assume also that ¢(-) is three times continuously
differentiable on int(domy), ¢’'(1) = 0, and, without loss of generally, that ¢”(1) = 1. Recall that the
particular ¢ gr-function is obtained for the particular ¢-function ¢(-) = ¢1(-) given in (6.31). Whence,
the dual EL estimate and test statistic will be treated in this section as particular cases. In all the sequel,
for any real valued function f(0,x), we will denote by f/(0,z) and f”(0,x), respectively, the gradient
and Hessian of f(0,x), w.r.t the vector parameter 6, at the point 0, for all x € R™. f"”'(8,x) denotes the
matrix of the third order partial derivatives of f(6,x) w.r.t. 8. Recall that the vector € is of dimension
(K + d) with d :== Y& d,. Whence, f’ is a column vector with dimension (K + d), f” and f” are
matrices, with dimension (K + d)? and (K + d)3, respectively. We will denote by | - | for the Euclidean
norm. Assume that the (14+K) sample sizes, ng, k = 0,1, ..., K, satisfy the condition

Pk = LN pr  for some real pi €]0,1],
n

when the total sample size n := Zszo ng — +o0o. We will use the following assumptions.

(A.1) @7 is an interior point of @, and there exists a neighborhood N(07) of 81 such that

(a) for all k =1,..., K, the third order partial derivative functions
{x e R™ — (f}/(0,2)); ;1 8 € N(Or)} are dominated by some Qj-integrable function;
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(b) the third order partial derivative functions {x € R™ — (¢"(0,)); jr; 6 € N(07)} are domi-
nated by some Py-integrable function;

(A.2) The integrals [o. |f1(07,2)]> dQx(2), fem [/ (07,2)| dQi(x), k =1,.... K, [on |9 (07, 7)]* dPy(x),
Jzm 19" (07, )| dPy(x) are ﬁnlte, and the matrix Uy (07) := — Zk 1Qk "(07,x) + Pog" (07, x) is
nonsingular.

(A.3) The integrals Qy(fx(07,7)?), k =1,...,K, and Py(g(0r,x)?) are finite.
Theorem 6.1. Assume that assumptions (A.1) and (A.2) hold.

(1) Let B(@p,n~/3) = ={6cO:|10-067]<n 1/3} Then, as n — oo, with probability one, &p ©)
attains its maximum value at some point 01/, , in the interior of the ball B(61,n~'/3), satisfying

7, (8s,) =o.
(2) /n (5% - 9T> converges in distribution to a centered normal random vector with covariance matrix
wa(BT) = U¢p (QT)fl V¢p (QT) Uwp(OT)fl, (634)
where Vy (07) = Sy o5 Vo, (fL(01,2)) + py ' Vi, (¢ (07, 2)) -

3) Under the null hypothesis Hq, the statistic S;/L}” .= 2n D Q;Fy) = only (6 convergences in
Yp Yo \Yp
distribution to a x%-random variable with d = Ele dy, degrees of freedom;

(4) Assume that the additional condition (A.3) is satisfied. Then, under the alternative hypothesis Hq,

o
Vn (527;: — pr(Q'P0)> convergences in distribution to a centered normal random variable with

variance oy, (07)% = Y1y py ' Vo, (fr(01,2)) + py ' Vi, (9(07, 7).

Remark 6.1. (a) For the particular dual empirical likelihood case, i.e., when ¥ =Yg, by some algebra
computations, one can show that the matriz Vi, (61) can be written as

Ve (0r) = U¢EL (0r1) — Uy, (1) D Uy (07), (6.35)
where D s the K + d by K + d matriz given by
D11 Dy
D= ’ ’ 6.36
[ Dayy Doy ] (6.36)

with D11 = ,00_1 1x 1;( + diag {pl_l, ... ,pl}l} y D1 = DQTJ =0g Og and Do o = OdOJ. Hence, the
limiting variance of v/n <§¢,EL - 0T> can be written as My, (01) = Uy, (01)~' — D.

(b) Generally, the limiting variance My, (01) of \/n (5% - 0T> depends on 1,, and we can extend
the results of Qin (1998) Theorem 3 to the present context of multisample problem, to prove that,
when the ratios are of the exponential form (6.4), then the dual empirical likelihood estimate O gy, is
optimal in the sense that My, (01)—My,(07) is positive semidefinite for any v, under assumption
(A.1) and (A.2). Howewver, for more general MDRM (6.2), it is not clear which estimate 6, is
optimal.

(c) Under the null hypothesis that all distributions are equal, the limiting matriz variance My, does
not depend on v,, and some algebra computation shows that My, = M = U~ — D with

A Ep(B()

U= Bn(B@)T Ep(Cl) |’
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A = Y,(1k) (6.37)
P1 — P% _Plp22 T PIPK
—p2P1 P2 —pP3 " —P2PK
= . e . (6.38)
_prl o .. e pK J— p%{
r 1T OT OT N
ol 17 ol b(z)"
dy dy " dr .
B(z) = |A| 7 . . o : (6.39)
. : . : b T
o], o, - 1 ]) P
r 1T OT OT 7
R
dy do dg T
= |4 , ! o [b(x) ® 14 (6.40)
PC
L 0d1 0d2 1dK _
and T T T
14, 04 ... Og Ly 0, 0,
04, 14 ... 04 ol 1 ... 0
Cx) = S VN L o [ b
OdK OdK 1dK 0;{1 0;{2 o 1;HK
Remark 6.2. Consider the problem of testing the null hypothesis Ho : Q1 = -+ = Qr = Py against

the alternative Hy : 3Qx # Po. In view of the above theorem 6.1 part (3), we propose the following
decision rule: we reject Hy iff the statistic GBS x3(1—a), where x3(1 — a) is the (1 — a)-quantile of the
x2-distribution with d degrees of freedom. This defines a test asymptotically of level o €]0,1[. The critical
region is then of the form CRy, := {S}f” > x3(1— a)} . Using part (4) of the above Theorem, we obtain

for the power function 87 € © /{0} — By, (01) := Py, (S:f)p > x3(1— a)) , the following approximation
~ m 2(1—a —~ —~ ~ ~
,8¢p(9T) =1 - FN (Ew;/(;T) [Xd(2n ) —£¢p(9T):|> y where £¢p(9T> = Zszl Qkfk(OT,{L') — Pog(OT,x)
and Gy, (07)* = YK ﬁ,;lvék(fk(OT,x)) + ﬁglvﬁo(g(OT,x)). So, if Ho is rejected, the estimate @pp is
stgnificantly different from 0, and the power of the proposed test can be approrimated by Bwp (5%).

6.5 Discussion and directions for future research

We have introduced new estimates and test for multi-sample semiparametric density ratio models, through
our dual representations of multivariate divergences introduced in Keziou (2015) and presented in Chapter
2. Our approach recovers the dual empirical likelihood one and allows to obtain the asymptotic properties
of the proposed estimates and test statistics, including the empirical likelihood ones, both under the model
and under misspecification. In testing context, the obtained asymptotic distributions under alternative
hypotheses lead to accurate approximation of the power functions. We aim at extending the present
approach to the case where the ratios belong to infinite-dimensional function spaces. Moreover, the
proposed dual estimates of the introduced multivariate divergences can be used also as criteria for model
selection, in multi-sample density ratio models, and for multi-group classification, that we will investigate
in future works.



Chapter 7

Semiparametric estimation of mutual
information and related criteria :
Optimal test of independence

This Chapter presents our papers Keziou and Regnault (2015) and Keziou and Regnault
(2016). We derive independence tests by means of dependence measures thresholding in
a semiparametric context. Precisely, estimates of y-mutual informations, associated to -
divergences between a joint distribution and the product distribution of its marginals, are
derived through the dual representation of p-divergences. The asymptotic properties of
the proposed estimates are established, including consistency, asymptotic distributions and
large deviations principle. The obtained tests of independence are compared via their rela-
tive asymptotic Bahadur efficiency and numerical simulations. It follows that the proposed
semiparametric Kullback-Leibler Mutual information test is the optimal one. On the other
hand, the proposed approach provides a new method for estimating the Kullback-Leibler
mutual information in a semiparametric setting, as well as a model selection procedure in
large class of dependency models including semiparametric copulas.

7.1 Introduction and notations

Measuring the dependence between random variables has been a central aim of probability theory since its
earliest developments. Classical examples of dependence measures are correlation measures of Pearson,
Kendall or Spearman. While the first one focuses on linear relationship between real random variables,
the two second ones measure the monotonic relationship between variables taking values in ordered sets.
Pure-independence measures, between variables X and Y taking values in general measurable spaces
(X, Ax) and (Y, Ay), can be defined by considering any divergence between the joint distribution P of
(X,Y) and the product distribution of its marginals P® := P; @ Py, where Py and Py are, respectively, the
marginal distributions of X and Y. The most outstanding and widely used example of such dependence
measures is the y2-divergence between P and P® defined by

2(p, P?) -—1/ AP 1) dPP(ay) (7.1)
X ) L 2 XXy d]P>® ) y ) y ) *
where % denotes the density of P with respect to (w.r.t.) P®. Note that, if P is a discrete distribution,

i.e., if its support X x ) := supp(P) is discrete (finite or countably infinite) set, then the above divergence
writes

1 (px — DPzD )2
2 & Y Y
I D W 2 L
X ( ’ ) 2 PzPy '
(z,y)EX XY
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where P := (pry)(2.y), P® = (P2Py) (z,y)> With p, = Zpry and py, := > Dry. Another classical
example, associated to the Kullback-Leibler (KL) divergence between P and P®, is the well-known mutual
information (MI) defined by (see e.g. Cover and Thomas (2006))

dP

()= KB P9) = [ 55 ) log {2, 4P9(a.p), (12

which, in the case of discrete distributions, can be written under the form

I (P) = Z Dz,y log Pay
(5:0)EX %Y PPy

We will call the above classical measures of dependence (7.1) and (7.2), respectively, x2-mutual infor-
mation (x?-MI) and KL-mutual information (KL-MI). When dealing with i.i.d. observations (X71,Y?),
ooy (X0, Yy), of two random variables (X,Y’), we may test the null hypothesis, that the variables X
and Y are independent, by means of estimating such dependence measure and deciding to reject the null
hypothesis of independence if the estimate is sufficiently far from zero; the classical x?-independence test
is such a procedure : the corresponding test statistic (in the discrete-distribution case) is

-~ ~ o~ 2
oyt (B,8) =n 3 Bra PR (73

where P := (ﬁa;’y)(w Y) and P® = (Pz Py) ) are, respectively, the empirical versions of P = (psy) (s, and

(zy
P® = (P2Py) (z,y)- Likewise, to test the independence, we can consider as dependence measure the KL-MI

and use the test statistic

~

on I (P) = 2n Z Dy log Doy (7.4)
(z,y)€X XY PaDy

The dependence measure can also be any other ¢-divergence between P and P®. The asymptotic prop-
erties of the tests based on such dependence measures, including the y2-MI and KL-MI ones, have been
extensively studied in the case of finite-discrete distributions; see e.g. Pardo (2006) Chapter 8, and the
references therein. Kontoyiannis and Skoularidou (2015) consider the estimating problem of mutual in-
formation by plug-in for Markov chains, and perform a hypothesis test for the presence of causal influence
between the two processes. The challenging nonasymptotic setting, particularly, for entropy and mutual
information estimation, still in the case of discrete distributions, was recently investigated by Valiant
and Valiant (2011b,a), Jiao et al. (2015) and Wu and Yang (2016). See also Chan et al. (2014) for a
nonasymptotic study of testing closeness of discrete distributions, with minimax setting. When dealing
with continuous distributions (or continuous random variables), obviously, the above direct plug-in esti-
mates (7.3) and (7.4), of the dependence measures (7.1) and (7.2), are not well defined. Moreover, for
countably-infinite discrete distributions, although the above estimates (7.3) and (7.4) remain well defined,
they suffer from loss of efficiency, even in the case of finite-discrete distributions, if the support size is
large. Therefore, in the case of non finite-discrete distributions, particularly, for the widely used KL-MI,
other kind of estimates have been proposed and studied in the literature; see e.g. Moon et al. (1995)
for a kernel density estimate, Kraskov et al. (2004) for a k-nearest-neighbor estimate extending those of
Shannon entropy in one dimension based on m-spacing; see e.g. Tsybakov and van der Meulen (1996),
Dudewicz and van der Meulen (1981) and Beirlant et al. (1997) among others. Van Hulle (2005) derive
an estimate using Edgeworth approximation of Shannon entropy. Darbellay and Vajda (1999), Wang
et al. (2005) and Cellucci et al. (2005) propose estimates based on adaptative partitioning of X x Y.
See also Khan et al. (2007) for an overview and numerical comparisons of these estimates. Based on
the Kullback-Leibler importance estimation procedure, see Sugiyama et al. (2008), Suzuki et al. (2008)
obtain an estimate of KL-MI called maximum likelihood mutual information, see also Sugiyama et al.
(2012a) Chapter 11. Unfortunately, their (asymptotic) distributions are generally not available. Hence,
testing independence from these estimates requires Monte-Carlo or Bootstrap approximations of the re-
lated p-values. On the other hand, the above nonparametric estimates suffer from loss of efficiency, due



7.2 p-mutual informations, dual representations and estimation strategy 85

to smoothing or partitioning, and suffer also from the difficulty of conveniently choosing the classes, the
number of classes or the smoothing parameters (the bandwidths and the kernels). The present Chapter
introduces new efficient semiparametric estimates of p-mutual information (p-MI), i.e., dependence mea-
sures associated to ¢-divergence functionals, including the well known KL-MI and y2-MI. These estimates
are obtained by making use of a dual representation of ¢-MI, presented in Section 7.2, without using any
smoothing nor partitioning. The obtained estimates are defined in the same way for both finite-discrete
or non-discrete distributions, and coincide with the direct plug-in ones in the case of finite-discrete dis-
tributions, with a specific choice of the model ratio; see Example 7.6. Their asymptotic properties are
presented in Section 7.3. Particularly, the consistency is stated for a large variety of semiparametric
models for dPP/dP®; the asymptotic distribution is obtained for the KL-MI estimate in a special setting.
The present approach leads to new independence tests, whose Bahadur efficiency are compared in Sec-
tion 7.4 ; the most efficient test is shown to be the one based on the proposed estimate of the particular
KL-MI criterion. It can be used also in order to build a large variety of dependence models, through
for instance a cross validation-type model selection procedure based on the proposed estimate of ¢-MI
measure of dependence; see Section 7.2.4. The powers of -MI based tests are compared numerically to
classical noncorrelation tests in Keziou and Regnault (2015). The results in the present Chapter have the
advantage (unlike the classical noncorrelation tests) to remain valid in the case of multisample problem
(estimating p-mutual informations of a multidimensional random variable as well as testing simultaneous
independence of its components), but for simplicity, the results will be presented only for the two-sample
case. The same results hold for the multisample problem.

7.2 p-mutual informations, dual representations and estimation strat-
egy

Given an i.i.d. sample, (X1,Y1),...,(X,,Y,), of a random vector (X,Y) taking values in a measurable
space (X x Y, Ay ® Ay), we aim at testing the null hypothesis Hy of independence of the marginal X
and Y'; formally

Ho : X and Y are independent, against H; : X and Y are dependent. (7.5)

We derive such tests by estimating and thresholding p-mutual informations between X and Y in a semi-
parametric context. Sections 7.2.1, 7.2.2 and 7.2.3 to follow, respectively, define ¢-mutual informations,
present the semiparametric model under study, and introduce estimates of ¢-MI used as test statistics
for the test problem (7.5). Section 7.2.4 defines a cross-validation procedure for model selection among
L candidate models for the ratio dP/dP®, using the proposed estimate of ¢-MI.

7.2.1 Introducing ¢-mutual informations

Denote M (X x Y) the set of all distributions on the product measurable space (X x J, Ax ® Ay). Let
¢ : R — [0,400] be some nonnegative closed proper convex function such that its domain dom, :=
{z e Ryp(x) < 00} =: (ay,b,) is an interval, with endpoints a, < 1 < by, and ¢(1) = 0. The interval
(ap,b,) may be bounded or unbounded, open or not. The ¢-divergence between any probability distri-
butions Q, P € M(X x ), if Q is absolutely continuous with respect to (a.c.w.r.t.) P, is defined by

D,(Q,P) = fXXygp <%(:p,y)) dP(xz,y). If Q is not a.c.w.r.t. P, we set D,(Q,P) = +o0o. Note that

D,(Q,P) > 0, for any @ and P. Moreover, if ¢ is strictly convex on some neighborhood of 1, we have
the fundamental property D, (Q, P) > 0, with equality if and only if @@ = P. In the following, we assume
that the function ¢ is strictly convex and two times continuously differentiable on the interior of its
domain (ay,b,). We have then ¢’(1) = 0, and without loss of generality, we can assume that ¢”(1) = 1.
The well-known Kullback-Leibler divergence K(-,-) is obtained for ¢(x) = ¢1(z) := zlogxz — x + 1, the
“modified” Kullback-Leibler divergence K,,(-,-) is obtained for ¢(x) = ¢o(z) := —logx + x — 1. The
x? and modified-y? divergences, denoted x2(-,-) and x2,(-,-), are associated, respectively, to the convex
functions ¢(z) = @a(z) := (z — 1)2/2 and p(z) = ¢_1(x) := (x — 1)2/(2x). The so-called Hellinger
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distance H(-,-) is obtained for ¢(z) = ¢;/2(z) := 2(y/z — 1)%; sce Table 1.1. All these divergences are
members of the so-called “power-divergences” D, (-,-) associated to the convex functions ¢, (-) defined
by
zV —yx -1

or() w € RY o () 1= UL (7.6)
if y e R\ {0,1}, po(z) := —logx +z — 1 and ¢1(z) := zlogz — x + 1. The standard divergences K(-,-),
Ko (- 4), x2(-,-), x2,(-,+) and H(-,-) are then associated, respectively, to the real convex functions ¢1(-),
©0(+); 2(+), p-1(-) and @q/5(-). Note that the divergences are generally not symmetric; particularly, we
have for any Q, P € M1(X x DY), K (Q, P) = K(P,Q) and x2,(Q, P) = x*(P,Q). For more details and
proofs, we can refer to Liese and Vajda (1987) and Broniatowski and Keziou (2006). For any probability
distribution P € M 1(/1’ x V), let P?® denotes the product distribution P® := P; @ P, of the marginals

Py and P of P. The p-mutual information of P, associated to the divergence Dy(-,-), is defined as
I,(P) := Dy,(P, P%).

For any random vector (X,Y’) taking its values in (X x ), Ay ® Ay), with joint distribution P €
M (X x ), the p-mutual information (¢-MI) of (X,Y) is defined to be

I,(X,Y) = I,(P) = D,(P,P?) = /Xxygo ((ﬁpi@,m) dP®(z,y). (7.7)

Since D, (P,P®) > 0, with equality if and only if P = P®, i.e., if and only if X and Y are independent,
-MI measures then the dependence between the random variables X and Y. In contrast to the correla-
tion coefficients of Pearson, Kendall or Spearman, the ¢-MI does not focus on the linear or monotonic
relationship between random variables; it constitutes a proper dependency measure. Note that I, and
I,,, with ¢1 and @9 given in Table 1.1, are, respectively, the KL-MI and x2-MI, given by (7.2) and (7.1).
Thus, the test problem (7.5) is equivalent, in the context of I, criteria, to testing I,(P) = 0 against
I,(P) > 0. Hence, we can use as test statistic an estimate of I,(IP), and reject the null hypothesis H
when the estimate takes large values. A natural attempt to estimate the ¢-MI of (X,Y) consists in
considering the plug-in estimate of I,(IP) obtained by replacing P(-) by its empirical counterpart

@() = % Z 5(Xi,Yi)(')v (7'8)
=1

associated to the i.i.d. sample (X1,Y1),..., (X, Yy) of (X,Y). Here, 6, ,)(-) denotes the Dirac measure
at (z,y) for all (x,y) € XxY. Unfortunately, by doing so, we only measure dependence of the contingency
table associated to the sample. When dealing with variables X and Y absolutely continuous with respect
to Lebesgue measure, the contingency table is almost surely an n x n table with all coefficients except
diagonal ones equal to zero ; particularly, variables X and Y appear (misleadingly) purely dependent,
yielding to reject systematically the null hypothesis. A second, less crude, approach consists in gathering
the values X; and Y; into classes and testing independence between the induced finite-discrete variables
X and Y, by empirically estimating the o-MI of (X,Y). This widespread approach suffers from the
difficulty of conveniently choosing the classes. Moreover, an important amount of information carried by
the sample is lost during this process, yielding to poor efficiency — or power — of these tests. An other
approach, is to use kernel nonparametric estimates of the joint density and the marginal ones, but as
it is well known this provides less efficient estimates and leads to the difficulty of choosing the optimal
smoothing parameters. As an alternative, we propose in the present work semiparametric modeling of
the ratio dP/dP?®, and the use of duality to obtain well-defined estimates of p-MI without smoothing nor
partitioning. The present approach applies for both continuous or discrete distributions, or mixtures of
continuous and discrete distributions.

7.2.2 Semiparametric modeling of the ratio dP/dP®

Assume that the joint distribution P of the random vector (X,Y’) belongs to the semiparametric model

Mg = {P = MI(X x ) such that dif@(-, ) =:hg(-,-); 0 € @} ; (7.9)
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where © C Rt is the parameter space, and hy(-,-) : (z,y) € X xY > hg(z,y) € R is some specified real-
valued function, indexed by the parameter 6. In the sequel, we will consider the following assumptions
on the model Mg.

(A1) (hg(-,-) = hg(+,-), PP-as.) = (0 =0") (identifiability);
(A.2) there exists (a unique) 6y € int(©) satisfying hg, (-, ) = 1, P®-a.s.

Assumption (A.1) is a natural identifiability condition for dP/dP®. Assumption (A.2) ensures indepen-
dence is covered by the model Mg. The uniqueness of 6y follows from Assumption (A.1). Denote by 07
the “true” unknown value of the parameter, namely, the unique value satisfying

dP

d]PTQ@(x’y):hOT(x’y)’ V(l‘,y) GXXya
which is assumed to be an interior point of ©. Then, we have 67 = 6 if and only if X and Y are
independent. Below are listed some relevant examples of the model (7.9).

Example 7.1. Let (X,Y) € R? be a centered Gaussian random vector with correlation coefficient p €
] — 1,1[ and centered normal marginals with the same variance o > 0. A straightforward computation
shows that the ratio dP/dP® can be written under the form of the model (7.9) where

ho(z,y) = exp {a + B1(z” + y*) + By}, (7.10)

0 := (o, B1,52) " € R3, with a = —log(1 — p?)/2, p1 = —p?/(26%(1 — p?)) and B2 = p/(c?(1 — p?)). Note
that the parameter value, corresponding to the independence hypothesis, is 6y = (0,0,0)T. Moreover, if
the distribution of (X,Y") is Gaussian with unknown mean p:= (pu1, p2)T and unknown variance matrix
T, then we can show that the ratio dP/dP® can be written under the form of the model (7.9) with

ho(z,y) = exp {a + B1z + Boy + B32® + Bay® + Bsxy } (7.11)

and 0 := («, P1, P2, B3, B, B5)T. Note that the number of free parameters in 07 is d = 5, and that ap is
considered as a normalizing parameter due to the constraint f;vxy ho, (z,y) dP®(x,y) = fXxy dP(z,y) =1
since P is a probability distribution. Moreover, we have fy = 0 € RS,

Example 7.2. Let ¢o(-,-) := Laxy(-,-), ¥1(-, ), ¥a(-, ), . . ., be some basis functions of the space L*(X x
V,P®), and assume that log(dP/dP®(-,-)) € L? (X x Y,P®). We can then build increasing models of the
form (7.9) developing the function (z,y) € X x Y — log (ﬁ%(w,y) according to the above basis functions.
Using for instance the first (1 + d)-basis functions, we obtain the following model for dP/dP®(-,-) hy :

(r,y) € X x Y = hy(z,y) = exp (a + Br1(x,y) + -+ + Bava(z,y)) , where 8 = (o, B1,...,B4)" €O C
R4, Then, the independence parameter value is 6y = 0 € R1T,

Example 7.3. Assume that the support of P, supp(P) =: X x Y, is a known finite-discrete set of size
K Ks; denote by (P(w,y))(z7y)e)(xy = (px,y)(x D)EXXY the density of P with respect to the counting
measure on X X Y. Then we have

dP

d]}T@(xv y) = eXp( Z ea,b ll{a}(x) ]l{b}(y))v (712)
(a,b)EX XY
where 0,3, = log 5:11’)2, (a,b) € X x Y. If we denote, for instance the elements of X and Y, as X :=
{ai,...;ax,} and Y :={b1,...,bk,}, then we can see that P belongs to the model (7.9) taking
ho(z,y) =expla+ D Bl (@) L,y (v), (7.13)
(6,5)#(1,1)

with the parametrization § = (o, B7)T € REE2 where o is a scalar and § = (Big)j)21,1) s the
(K1 Ky — 1)-dimensional vector obtained from the Ky x Ko-matriz of real entries (B; ;) removing the first

pal,bl pai 7bj pal,bl
=1L agnd B i = lo — log =1L
PaiPby’ BZJT &) Pa;Pb; g Paq Dby’

forall (i,7) € {1,..., K1} x{1,..., K2} \ {(1,1)}, and that the number of free-parameters in Op is equal
to (K1 — 1)(Ky — 1). Moreover, we have 6y = (0,...,0)" € RE1Kz,

entry B1,1. Moreover, we have for the true value 01, ar = log
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Example 7.4. Assume that the distribution P of the random vector (X,Y) € R? is of continuous
marginals. The copula C(-,-) of the vector (X,Y), see e.g. Nelsen (2006), is defined, ¥(u,v) €]0,1[%, by
C(u,v) := F(F Y (u), Fy ' (v)), where F(-,-) is the cumulative distribution function of the vector (X,Y),
and Fy and Fy are the (marginal) cumulative distribution functions of X and Y, respectively. The copula
C(-,-) is in itself a distribution function on |0,1[2. If F(-,-) is absolutely continuous with respect to the
Lebesgue measure on R?, then we have the relation (ﬁ%(m,y) = % =c(Fi(x), Fa(y)), where f(-,-)

is the joint density of (X,Y), fi and fa are the marginal densities of X and Y, and c(-,-) the copula
density. Numerous parametric examples of the model (7.9) can then be obtained taking the function

ho(,y) = c5(F1y (2), F2.50 (1)) (7.14)

where {cg(-,-); B € D C R™} is some parametric copula density model, see e.g. Nelsen (2006) or Joe
(1997) for examples of such models, and {Fi ;71 € I'1} and {Fs,;72 € I'a} are some parametric models
for the marginal distribution functions. Here, the parameter of interest is 0 = (y1,72,8) € O =
't x T'y x D. Note that the assumption (A.2) is generally not satisfied for this particular model. In
fact, if we denote By the particular value corresponding to the copula of independence, then we have
By o5y (5 0) = 1 for any (y1,72) € T'1 x Ta. Although assumption (A.2) is generally not satisfied,
models (7.14) can be used in estimating ©-MI under the assumption that the marginals are dependent.

Example 7.5. We can also deal with semiparametric models induced by semiparametric models of copula
densities, with nonparametric unknown continuous marginal distribution functions Fy(-) and F»(-), taking

ho(z,y) = co(F1(x), Fa(y)); 6 € © C R™

7.2.3 Dual representation and dual estimation of ¢-MI

We define estimates of ¢-MI by taking advantage of the modeling (7.9) and the dual representation
of ¢-divergences obtained in Keziou (2003a) and Broniatowski and Keziou (2006). Denote ¢*(-) the
convex conjugate of the convex function ¢(-), namely, the function defined by ¢* : t € R — ¢*(t) :=
sup,er {tx — p(z)} € RU{+o00}. Note that ©*(-) is, in turn, a proper closed convex function, in particular,
©*(0) = 0. Assume that ¢(-) is essentially smooth, i.e., differentiable on Jay, b, [ with limgq,, ¢'(x) = —o0
if a, > —oo and limgp, ¢'(7) = 400 if b, < +o00. This is equivalent to the condition that *(-) is strictly
convex on its domain. Provided that

(A.3) the p-mutual information I,(P) < oo,

see its definition (7.7), it can be rewritten under the form
L =spd [ e - [ G @), (7.15)
feF XxYy XxY

where F is any class, of measurable real-valued functions f : X x ) — R, that contains the particular
function ¢'(dP/dP®) and satisfies the condition [, [f[dP < oo, for all f € F. Note that, for all
z € (ayp,by,), we have ¢*(¢'(x)) = z¢'(x) — p(x). We refer to Table 1.1 for explicit formulas of convex
conjugates of some standard divergences. From (7.15), taking into account the model (7.9) by specifying
F ={¢'(hg); 0 € ©}, and assuming in addition that

(A.4) for all @ € ©, we have [, |¢'(hg(x,y))] dP(z,y) < oo,

we obtain

1,(B) = sup { / ¢ ol ) (o) - /

o (¢ (ho(@ 1)) dP®<x,y>}. (7.16)
0O XxY

Moreover, the supremum is unique and achieved in § = 6. The uniqueness of the supremum 67 follows
from the strict convexity of ¢*(-) and the identifiability assumption (A.1). We propose then the following
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“dual” estimate of I,(P)

7, sup{ / ¢ (o) By - / ¢ (¢ o) oF, @ﬁm,y)}

0cO

= sup Zgo (ho(X:,Y3)) 222@ ho(X;,Y5))) ¢ (7.17)

n
0€0 P

and the following “dual” estimate of the parameter 6

o~

0, = argsup{/xw ¢ (ho(z,v)) dff’(fﬁ,y)—/“yso* (¢ (ho(z,y))) dPy ®1T”z(fv,y)}

0cO

= argsup Z@ (ho(X;,Y7)) QZZ@ ho(Xi,Y5))) ¢ (7.18)

n
0cO Pt

where ]/I\D() is the empirical distribution, associated to the sample, given by (7.8). For ease of presentation,
define, V0 € © and V(x,y) € X x ), the functions

fo(z,y) == ¢'(ho(z, 1)), (7.19)
go(z,y) == " (¢'(ho(x,y))) = ho(,y)¢" (ho(z,y)) — ¢ (ho(,y)), (7.20)

which we assume to be continuous, in 6, on the set ©,

M:0€0— M) := /X ’ folz,y) dP(x,y) — /X ygg(ac, y) dP; @ Pa(z, y) (7.21)

and its empirical version
M6 M0 = [ foley)Bay) - [ gndrobey). (12
XY xxYy

Therefore, the formula (7.16) becomes

I,(P) =sup M(0) = M(0r), and 6Op = argsup M(0). (7.23)
fcoO 0eO

The estimates (7.17) and (7.18), in turn, can be written as

T, = sup M,(0) = M,(6,) (7.24)
0cO
and R
6, = argsup My(0). (7.25)
0cO

Note that the functions fy(-,-), go(-,-), M (-) and M,(-) all depend on ¢(-), but the subscript ¢ is omitted
for simplicity.

For the two-sample problem, with independent samples, say Xi1,...,X1,, drawn iid. from @, and
Xo1,- .-, Xon, drawn i.i.d. from P, Nguyen et al. (2010) considered the problem of estimating D, (Q, P)
and the ratio r(-) := gg( ), through the dual representation of ¢-divergences, using the same method
as that proposed in Keziou (2003b) Chapter 2, and extended the approach to the case where the ratio
r(-) may lay in infinite-dimensional function space; The estimates are obtained by replacing, in the
dual representation, the distributions Q and P, respectively, by Q(-) = %Z?:ll dx,,(-) and P() =
nio Yo d X, (), the empirical measures, associated to the above two samples. For other works on the
subject, in the same framework of two-sample problem, particularly, for homogeneity test, one can also
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refer to Keziou and Leoni-Aubin (2005), Keziou and Leoni-Aubin (2008), Kanamori et al. (2012) and
Sugiyama et al. (2012b). The main difference of our proposed estimates fsp, with the above ones, lies in
the fact that they are functionals of the joint empirical measure IP’( -) and the product empirical measure
IF’l ® IP’Q, and that the study of their asymptotic properties is quite different from the above ones, due to
the loss of independency between the terms of the first and second sums in (7.17). On the other hand, in
the present work, we are more concerned by the independent test problem, and by the power optimality
of the proposed test statistics in Bahadur sense.

Example 7.6. In the context of finite-discrete distributions, using the exponential model described in
Example 7.3, we show that the proposed dual estimate (7.17) of 1,(P), obtained by the above “duality”
technique, equals the direct plug-in one

N . Doy \ ~ ~
= ILP) = > ¢ (j”ﬂ > DDy (7.26)

(@)X XY DPzPy

Indeed, we have by its proper definition

ftp = sup My, (0), where My(0) = Z [‘Pl(eem’y)ﬁx,y — luu @/(eem’y)ﬁzﬁy + Qp(eem’y)]/)\xﬁy . (7.27)
0cO
(z,y)€EXXY
Differentiating (7.27) with respect to 8, for (x,y) € X x Y yields
0 ~ PO
Eﬁf‘fﬂ4ﬁ(9):: w”(ee%y)(ea“ypxﬁ,—-GZQ“ypxpy).
I7y

Canceling derivatives %M (0) yields @my = log %&, (x,y) € X x ), which is independent from

the choice of ¢ for this particular model. Finally, straightforward simplifications yield j:p = Mn(é\) =

Z(x,y cxxy P (pﬁpy) DaPy = I " Particularly, for o(x) = @2(z) := (x — 1)2/2, the estimate ./T;,z of the
x2-mutual information — or x> measure of independence — obtained by the duality technique is shown to
equal (up to the factor 2n) the classical x* statistics. Hence, in the context of finite-discrete distributions,
ustng the exponential model described in Example 7.5, we see that the proposed approach, via duality

technique, recovers the classical direct plug-in one, in particular, the well-known classical x*-independence
test.

Remark 7.1. For finite discrete distributions (with known support, of size say K, see Example 7.3), as
in plug-in estimation of Shannon entropy (see e.g. Chao and Shen (2003)), the direct plug-in estimates
f;mp are valid with small bias if the sample size n >> K. If the sample size n is not sufficiently large
compared to the space size K, models hg(-) other than (7.12) should be used (through e.g. the model
selection procedure described in Section 7.2.4), with small parameter dimension, and the corresponding
dual estimate f@, if the model hy(-) is correctly specified, could be more promising than the direct plug-in
one Iemp

Example 7.7. Note that when dealing with semiparametric copula models hg(z,y) = co(Fi(x), Fa(y)),
with unknown nonparametric cumulative distribution functions Fy and Fy, it is necessary to estimate
them, using for example their empirical counterparts. Denote by ﬁl() and ﬁg() the empirical cumulative
distribution functions associated, respectively, to the samples X, Xy and Y1,...,Y,, i.e., ﬁl(a:) =

LS, 1)_o,2)(Xi) and Fy(y) := s, 1_o,y (Yi). So that I and 0, become

=g 326 (o (O8R5 323 (¢ (0 (R0, 0))
i i=1 j=1

0cO

f, = argsup ;Z ¢ (e (Bi(x0, B(00) ) — g S5 (¢ (e (X, Bal)))
=1

0cO i=1 j=1
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Note that nﬁl(Xi) 1s the rank of X; in the sample X1, ..., X, and nﬁg(Xj) is the rank of Y; in the sample
Yi,...,Y,. For some copula models, the copula density co(u1,uz) may be unbounded when either uy or
ug tends to 1; see e.g. Genest et al. (1995). In this case, to avoid this difficulty, the “rescaled” empirical
cumulative distribution functions Fy(-) := 2= Fy(-), and Fy(-) := nLHF\Q() should be used instead of the

n+1
standard ones Fy(-) and Fy(+).

7.2.4 A model selection procedure for the ratio dP/dP® through ¢-MI criterion

Let Mg, := {hehl(', ); 61 €01 C Rdl} oo, Mo, = {hebL(', ); 0L € ©p C RdL} be L candidate mod-
els for the ratio dP/dP®. For any model Mg,, denote by 6, the estimate of §yr given by 6, :=
argsupg,ce, Mn(0¢). The corresponding “expected” criterion is

M(6,) = fXxy 13, (z,y) dP(z,y) — fXxy ggﬁ(w,y) dP(z,y)®. From the representation (7.23), we can see
that the larger the expected criterion M (6;) of the model is, the closer the model is to the true one.

We propose then the following k-fold cross-validation procedure for model selection using the proposed
estimate (7.24) of p-MIL

(1) Partition the sample (X1,Y1),...,(X,,Y,) into k equal size (ny) subsamples. (Denote the i-th
subsample (X(i—1)ny+15 Y(im1)ng+1)s - - - » (Xiny,, Yiny,), for all i = 1,... k);

(2) Consider a candidate model Meg,;

(3) From the sample (X1,Y7),...,(Xn,Ys) remove the i-th subsample; compute the estimate géfi)

given by (7.25) using the remaining n — ny observations, i.e., aé_i) = argsupy,co, Mn—n,, (0¢);

(4) Repeat steps (2) and (3) for all i = 1,...,k, and obtain the following “estimate”

k iTLk ink

CriMo) =13 S foo(G Y= Y g (X V)

=1 |k j=(i—1)ng+1 ‘ kjm=(i—1)nk+1
of the expected criterion M(é\g), ie., M(é\g) = f)(xy fgg (z,y) dP(x,y) — fXxy 99, (z,y) dP(z, y)®;

(5) Repeat steps (2-4) for all ¢ = 1,...,L, and select the “optimal” model Mg,. that maximizes
Cv(Me,) over £=1,..., L, ie., the model Mg,, with £* := argsup,cqy . 1y Cv(Me,).

Other model selection-type procedures can be investigated, through e.g. correcting the bias of Mn(@)
as an estimate of the expected criterion M (6;), and selecting the model that maximizes the obtained
information criterion corrected from bias. The correction can be made e.g. by asymptotic evaluation of
the bias as in classical AIC criterion, or using bootstrap; see e.g. Konishi and Kitagawa (2008) and Shao
and Tu (1995).

7.3 Asymptotic properties of the estimates

We state in Section 7.3.1 the consistency of both estimates jio and 5@, of the ¢-MI and the parameter 6.
Section 7.3.2 gives, under the null hypothesis of independence, the limiting distribution of the estimate
fsm of the KL-MI, as well as the corresponding estimate é:pl of the parameter 6, for some specific forms
of the model {hg(-,-); # € ©}. Section 7.3.3 provides bootstrap calibration of the critical value of any
fw-based test statistic for general forms of the model {hy(-,-); 0 € ©}.

7.3.1 Consistency

In this section, we state consistency of the estimate j;,, of the p-MI, defined by (7.17), as well as the

consistency of the estimates @:p of 8. We will use classical techniques from M-estimation theory. We will
make use of the following conditions.
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(A.5) The parameter space © is a compact subset of R x R? ;
(A.6) fXXySLlpeee |fo(z,y)| dP(z,y) < oo;

(A7) [yyySubgee go(2, y)* dP? (2, y) < o0,

where fp and gy are defined, respectively, by (7.19) and (7.20). Note that assumptions (A.6-7) imply
(A.3-4).

Proposition 7.1. Assume that conditions (A.1, 5-7) hold. Then, the estimates f of I,(IP) defined
by (7.17) and the estimates 9 of 07 defined by (7 18) are consistent. Precisely, as n — oo, the following
convergences in probability hold I — 1,(P) and 9 — Or.

Remark 7.2. Since in practice, all models are generally “misspecified”; the true parameter value 07 may

not exist, it can however be replaced by the “pseudo-true” value 0% := argsupyeg M (), and the results
of consistency in the above proposition remain valid.

7.3.2 The limiting distribution of the estimate fwl of KL-MI

We will give now the limiting distribution of the particular statistical test based on the estimate I;l
of classical KL-MI, for specific forms of the model hy(-,-), under the null hypothesis of independence
Ho : P =P®. Consider the following specific form of the model hy(-, -)

ho(w,y) = exp (a+ms(a,y))  with mg(z,y) Zﬁksk (7.28)

for some specified measurable real valued functions & and (i, k = 1, ...,d, defined, respectively, on X
and Y. The parameter 6 is the vector 6 := (a, B1,...,84)" € © C R x R% In this case, (7.19) and (7.20)

become fp(x,y) = a + Zzzl Brék(x)Ck(y) and gp(x,y) = exp (a + Zgzl ﬁkfk(:v){’k(y)> — 1. The value

bo, corresponding to the independence, here is 0p = 0 € R4 We will give the limiting distributions of

t,, and ISDI, under the null hypothesis of independence P = P®, i.e., when 67 = §y = 0. We will consider

the following assumptions.

(A.8) There exists a neighborhood N(O7) of 67 such that the third order partial derivative functions
{(z,y) — (0%/0%0) fo(x,y); 6 € N(0r)} (vesp. {(z,y)+— (0°/0°0)go(z,y); 6 € N(07)}) are domi-

nated by some functions P-integrable (resp. some function P®-square-integrable);
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1= — (Pfy. —P%gp.) (7.29)

2

2
(A.9) , P® ) s exist, and the matrix

is nonsingular.

Theorem 7.1. Assume that conditions (A.1-2,5-9) hold and that P = P® (i.e., 07 = 0). Then,

(a) \/ﬁapl converges in distribution to a centered multivariate normal random variable with covariance
matriz 3 = EflEQZ‘fl, where 1 and $o are given respectively by (7.29) and Lo := ' (n) S () T,
where 1)(-) is the continuously derivable function defined on R13% into R+ by

¢($0,$1, ceesTds Y1y - -5 Ydy Ry - - '7Zd) = (0,$1y1 — 2155 XdYd — Zd)—l—v

and

p=EV(X,Y)) = (1, P&, ..., Pi&g, Pl ..., Pola, PrEPACL, - . ., P1EP2Ca) T

(b) 2n Em converges in distribution to the random variable Z'Z, where Z is a centered multivariate
~1/2 ~1/2
Yo¥,

normal random variable with covariance matriz C = ¥,
Remark 7.3. For the finite-discrete case, using the modeling (7.13) in Example 7.3, we can _see that the
correspondmg matriz Yo is of rank (K1 — 1)(Ko — 1) and that the limiting distribution of 2an = 2nlemp

is a x2-distribution with (K1 — 1)(Ky — 1) degrees of freedom, in particular, we recover the classical
x2-independence test theorem (for the case of finite-discrete distributions).
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7.3.3 Bootstrap calibration

In the general context of model (7.9), for a given ¢-MI, we propose the following bootstrap procedure
to calibrate the critical value of the corresponding test statistic. The critical value, denote it b,, is the
upper a-quantile of the distribution of the test statistic 5, := 2nf<p, under the null hypothesis Hg of
independence.

1. Generate bootstrap sample (X7,Y7"),..., (X}, Y,") from the product empirical distribution P® =

n’ n

P, ® I@g of the original sample (X1, Y1),...,(Xn, Yn);
2. Compute the value of the statistic S}, := 2nf:; from the bootstrap sample;

3. Repeat steps (1) and (2) B = 1000 times, independently, to obtain the realizations

* * * .
n,1'~n2) > ~n B (>
4. Estimate by by by := the (1 — a)th quantile of the sequence { s Snase s On B}.

7.4 Large deviations principle and Bahadur asymptotic efficiency

In this Section, we compare Bahadur asymptotic efficiency of ¢-MI based independence tests and show
that the test based on classical Kullback-Leibler mutual information is the most efficient. Given (Zpl)n
and (fm)n two sequences of statistics, for the test problem (7.5), numbers « € (0,1), v € (0,1) and an
alternative hypothesis P # P® we define n;(«,,P), for i € {1,2}, respectively, as the minimal number
of observations needed for the test based on f% to have signification level « and power level «. Then,
Bahadur asymptotic relative efficiency of (fcpl)n with respect to (fm)n is defined as (if the limit exists)

limgy0 %. It is well known, see for example Nikitin (1995) and van der Vaart (1998) Chapter 14,

that if both sequences (1, ), and (f oo )n satisfy a large deviation principle under the null hypothesis (with
good rate functions ey, () and ey, (+)) and also a law of large number under a given alternative hypothesis
Hi : P # P®, with asymptotic means gy, (P) and pu, (P), respectively, then the Bahadur asymptotic
relative efficiency equals ey, (1o, (P))/€g, (i, (P)). Particularly, the most efficient test maximizes Bahadur
slope e, (11,(P)). A law of large number under the alternative hypothesis is given for the sequence (Zp)n
in Proposition 7.1 above; the expected value p,(P) being p,(P) = I,(P) = Dy,(P,P¥®). The following
theorem establishes a large deviation principle under the null hypothesis of independence. It relies on some
generalization due to Eichelsbacher and Schmock (2002) of classical Sanov theorem to finer topologies
and the contraction principle. Let G be the set of measurable functions, from X x Y into R, given by
G:=FU{¢'(hg);0 € ©}U{p*(¢'(hyg)); 0 € O}, where Fy is the set of all measurable bounded functions
from X x ) into R. Recall that M1 := Ml(/‘( x )) is the set of all probability measures on X x ), and

let us introduce the subset

Mg = Mg(X xY) := {P e M / | (hg)| dP < oo, lo*(¢' (hg))| dP® < 00,V0 € @} .
XxY XxY
Define on Mg the 7g-topology as the coarsest one that makes applications P € Mg — [, y¢'(he) dP,
Pe Mg [y y AP, P € Mg = [y, 59" (¢ (hg)) dP® and P € Mg = [, f dP® continuous, for
all 8 € © and all f € Fp,. Finally, define, for all @ € Mg, the “pseudo-divergence”

D(Q.Q) = sup { / ¢ b)) 4oy - | o e hatr) d@%w} |

0cO XxY
Obviously, Dy,(Q,Q%) < Dy,(Q,Q%) =: I,(Q) with equality for probability distributions such that
dQ/dQ® = hy for some 6 € ©. Note also that Q € Mg — D,(Q,Q%) is continuous with respect to
the T7g-topology as the supremum over the compact set © of continuous functions. The large deviation
principle for the sequence (P(-)),, of empirical measures defined by (7.8), established by Eichelsbacher
and Schmock (2002), requires the existence of exponential moments; in the context of the model (7.9),
we thus assume
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(A10) forall f €@, foralla>0, [y exp(alf(z,y)])dP(z,y) < occ.

Note that the strong assumption (A.10) implies (A.3-4) if P = P®. In the context of the models described
in Examples 7.1 to 7.5, assumption (A.10) may not be satisfied for some @-divergences ; particularly, it
does not generally hold for power-divergences (except for finite-discrete distribution models described in
Example 7.3). A sufficient condition for (A.10) is

A.11) there exist real numbers m, M € (ay,b,) such that m < hy(-,-) < M, P® —a.s., V0 € O.
@19

Indeed, for all @ > 0, the functions exp(al¢’(hg)|) and exp(a|e*(¢'(hg))|) are bounded and therefore
integrable with respect to both P and P®. Again, (A.11) is not generally satisfied for models described
in the previous examples for power-divergences, but it may be artificially verified by truncating the
distributions in the models. Let us also point out that Theorems 7.2 and 7.3 below may remain true with
some alternative assumptions on the distribution queues, lighter than (A.10). Particularly, simulations
performed for bivariate Gaussian distributions tend to show that Theorem 7.3 holds for the Gaussian
model described in Example 7.1. For getting a closed form for the LDP of (1), we will establish the
right-continuity of the rate function, making use of one of the following assumptions:

(A.12.a) (X,Y) is finite-discrete, supported by X x Y;

(A.12.b) The model {hg(-,"); 0 = (o, 37)7 € O} is of the from hg(z,y) = exp (o + mg(z,y)) with the con-
dition that, for any constant ¢ and any 3, we have P® (mg(X,Y) =c) # 0iff 3 = (0,...,0)" and
c=0.

Theorem 7.2. Let (X,Y) be a couple of independent random variables with joint distribution P =P® €
Me N Mg.

(1) Suppose that conditions (A.1-2, 5-7, 10 and 12.b) are satisfied. Then, the sequence (fw)n of estimates,
of I,(IP) = 0, given by (7.17), satisfies the following large deviation principle

1 o n >
~log P® (Iw > d) 2% e (d), d >0, (7.30)

where the good rate function ey (-) is

ep(d) == Qi&gd K(Q,P®) with Qq:= {Q € Mg such that Dy(Q, Q%) > d} . (7.31)

(2) Assume that conditions (A.1-2, 5 and 12.a) are satisfied. Then the above statement holds if Mg is
replaced by the set of all discrete-finite distributions with the same finite support X x ).

In view of Proposition 7.1 and Theorem 7.2 above, the Bahadur slope of the independence test based on
I, for any ¢, is then s, := e, (I,(P)) = inf{K(Q,P?) : Dy,(Q, Q%) > D,(P,P?®)}. Since D, (P,P¥) =
D, (P,P?®), we have P € {Q : D,(Q, Q%) > D,(P,P®)}, so that, for any ¢,

sp < K(P,P?®) = Ik (P) = I, (P). (7.32)

Equality is achieved in (7.32) for the divergence D, = K. Indeed, si, = inf{K(Q,P?®) : Dk (Q,Q%) >

K(P,P®)}. Straightforward computations yield K(Q,P%) = K(Q, Q%) + K(Q1,P1) + K(Q2,P3), for any

Q € Mg. Particularly, for any Q such that Di1(Q, Q%) > K(P,P®), we have K(Q, Q%®) > Dk (Q, Q%) >
K(P,P?), hence, K(Q,P?) > K(Q, Q%) > K(P,P®), so that

skr > K(P,P®). (7.33)

Combining (7.32) and (7.33), we obtain
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Theorem 7.3. Let (X,Y) be a couple of random wvariables with joint distribution P € Mg N Mg.
Suppose that either conditions (A.1-2, 5-7, 10 and 12.b) or (A.1-2, 5 and 12.a) are satisfied. For the test
problem (7.5), the test based on the estimate fs@w see (7.17), of the Kullback-Leibler mutual information,
is uniformly (i.e., whatever be the alternative P # P®) the most efficient test, in Bahadur sense, among
all fw—based tests, including the classical x*-independence one.

Remark 7.4. Assume that P is a finite-discrete distribution. We obtain then that KL-MI based inde-
pendence test is more efficient than the classical x* independence one. This result was already stated, in
goodness-of-fit testing for finite-discrete distributions, see e.g. van der Vaart (1998) Chapter 17 Section
17.6. The above theorem extends it to testing independence, for more general probability distributions,
not necessarily finite-discrete.

7.5 Concluding remarks and directions for future research

In this Chapter, we have defined and studied estimates of p-mutual informations, based on the dual
representation of p-divergences and a semiparametric modeling of the density ratio between the joint
distribution of the couple and the product distribution of its marginals. The consistency of these estimates
— named dual-estimates — has been established assuming some classical regularity conditions on the
model; the asymptotic normality has been established for classical Kullback-Leibler mutual information
and specific models by means of classical M-estimation theory arguments. The asymptotic normality of
other p-mutual information dual-estimates may be derived similarly, for specific models depending on the
considered ¢-divergence. For example, when dealing with the power divergence associated to ¢, functions
given by (7.6), the asymptotic normality of the corresponding ¢,-mutual-information dual-estimates may
be derived in a similar way when focusing on the so-called y-exponential semiparametric model

dpP d
Pe {P S M1<X X y) s.t. m(x7y) = exp’Y(kZ::Oeké.k(x)Ck(y)),e = (907"' 79d) € 6}7

1

where exp. (t) := ((y — 1)t +1)]7", with (-); = max(0,-). Our semiparametric approach for estimating
mutual informations constitutes a promising alternative to classical nonparametric procedures based on
kernel density estimation or adaptive partitioning. No parameters such as bandwidth or kernel type
has to be adjusted. The asymptotic normality of dual-estimates is also of significative importance, par-
ticularly, for hypothesis-testing purpose. For the sake of both completeness and accessibility, we are
developing a package for the R software providing user-ready procedures, including the k-fold cross vali-
dation procedure described in Section 7.2.4, for selecting the model that best matches the data. We also
aim at comparing the dual-estimates of mutual informations to nonparametric estimates, and at extend-
ing our approach to the case where the ratio Cg.% lies in infinite-dimensional space. As an application
of dual-estimation of mutual informations, we have derived a class of independence tests, recovering as
a particular case, the classical x2-independence test. For a large variety of situations including finite-
discrete random couples, the most efficient test is based on the KL-MI estimates, outperforming the
classical y2-independence one. Motivated by the simulation experiments, we guess that the optimality of
MI independence test can be extended to a larger family of models.
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Chapter 8

A semiparametric likelihood-type test of
independence in copula models

The purpose of this Chapter is to provide limit laws for semiparametric estimators of
copulas. Some statistical tests of independence are introduced as a consequence of this
methodology. We are primarily concerned with the case where the parameter lies on the
boundary of the admissible domain. The results are published in Bouzebda and Keziou
(2008).

8.1 Introduction and motivations

It is well known since the work of Sklar (1959) that the joint behavior of a bivariate vector (X7, X2) with
d.f. F(z1,22) := P(X; < 1, X5 < x9), and continuous marginal d.f.’s F;(x;) := P(X; < x;), 1 = 1,2, is
characterized by the copula (or dependence function) C associated with F'(-,-). The copula function is
defined, for all (u1,us) € (0,1)2, through the identity C(uy,uz2) := P {F1(X1) < u1, F2(X3) < up}. Many
useful multivariate models for dependence between X; and Xs turn out to be generated by parametric
families of copulas of the form {Cy; 6 € O}, typically indexed by a vector valued parameter # € © C R?
(see e.g. Kimeldorf and Sampson (1975b), Kimeldorf and Sampson (1975a), Genest and MacKay (1986),
and Joe (1993)). The nonparametric approach to copula estimation has been initiated by Deheuvels
(1979b) who introduced and investigated the empirical copula process. In addition, Deheuvels (1980,
1981) described the limiting behavior of this empirical process (see also Fermanian et al. (2004) and the
references therein). In this Chapter, we consider semiparametric copula models with unknown general
margins. In order to estimate the unknown true value of the parameter # € ©, which we denote, through-
out the sequel, by 07 € ©, some semiparametric estimation procedures, based on the maximization, on
the parameter space O, of properly chosen pseudo-likelihood criterion, have been studied by Genest et al.
(1995), Shih and Louis (1995), Wang and Ding (2000) and Tsukahara (2005), among others. In each of

these papers, some asymptotic normality properties are established for \/n (Hn — HT), where 0~n denotes
a properly chosen estimator of 7. This is achieved, provided that 67 lies in the interior, denoted by é,
of the parameter space © C R?. On the other hand, the case where 7 € 90 := © — Oisa boundary
value of ©, has not been studied in a systematical way until present. Moreover, it turns out that, for
the above-mentioned estimators, the asymptotic normality of y/n (é — GT), may fail to hold for 8 € 00O.
To illustrate this phenomenon, we cite below some examples of parametric copulas, for which marginal
independence is verified for some specific values of the parameter 6, on the boundary 90 of the admissible
parameter set ©. We start with example for which 6 varies within subsets of R. Such is the case for
the Gumbel (1960) family of copulas, which is one of the most popular model used to model bivariate

extreme values. This family of copulas is defined, for 0 < uq,us < 1, by

Cy(u1,ug) := exp {— [(—10g uy)? + (—loguz)e] 1/9} , for 6€ll,o00); (8.1)
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the Joe (1993)’one is

1/6
Colur,uz) =1 = [(1 =) + (1= )’ = (1= w)’(1 = wn)?| ", 6 € [1,00); (8.2)
the Galambos (1975) one is
» 1V
Co(u1,u2) = ujug exp [(—logul) + (— logug) } , 0 €]0,00); (8.3)

the Hiisler and Reiss (1989)’one is

Cg(ul, u2) _ U;I>(9_1+0.5910g[(7 log u2)/(7logul)])u‘lﬁ(@_l+0.50 log[(—logu1)/(— loguz)])’ (84)
§ € [0,00), where ®(-) denotes the standard normal distribution function. For all these examples, the
independence case Cy, (u1,u2) = ujug occurs at the boundary of the parameter space ©, i.e., when
f7 = 1 for models (9.1) and (9.4), and 67 = 0 for models (8.3) and (9.3). In the sequel, we will denote
by 6y the value of the parameter (when it exists), corresponding to the independence of the margins, i.e.,
the value of the parameter for which we have Cy,(u1,us) := ujus, for all (uy,uz) € (0,1)%. We refer to
Joe (1993) for more examples in the case when the parameter space © is univariate or multivariate. In
contrast with the preceding examples, where 6y € 00 is a boundary value of O, the case where 6y is an

interior point of © may, at times, occur, but is more seldom. An example, where 0y € 0, is given by the
Farlie-Gumbel-Morgenstern (FGM) copula, defined by

Co(u1,u2) = uguz + Qugus(l — up)(1 — ug), 0 € © :=[—1,1], (8.5)

and for which 8y =0 € ) =] —1,1]. In the present Chapter, we will treat, in turn, parametric estimation
of 61, and tests of the independence assumption Hg : 07 = 6. We consider, successively, the case where
Oy € O is an interior point of © C R, and the case where 8y € 00 is a boundary value of © C R. A number
of tests of independence have been introduced in a nonparametric setup. A standard procedure of the kind
is based on the Kendall 7 statistic and the Spearman p statistic. We further mention the nonparametric
Kolmogorov-Smirnov-type tests of independence introduced by Deheuvels (1979a) and Deheuvels (1981).
Another, among the most commonly used tests of independence, is due to Pearson, and based on the
correlation coefficient. We refer to Genest and Verret (2005), for additional details and references on this
problem. In the remainder of the present Chapter, we will limit ourselves to semiparametric procedures, to
test Ho. Typical examples of the kind are given by the, so-called, score-type tests. In the usual parametric
framework, it is well known that the generalized likelihood ratio (GLR) test, is preferable to score type
tests (see, e.g., Nikitin (1995)). This motivates our interest, in the present study, for the generalized
“pseudo-likelihood” ratio (GPLR) test of independence (for semiparametric copula models). We will
consider tests of the kind, when 6y is, either, an interior point, or a boundary point of the admissible
parameter space ©. We conjecture that the GPLR test of independence, should be more powerful, in
the semiparametric setup, than score type tests and most classical nonparametric tests of independence
(such as the Kendall, Spearman and Kolmogorov-Smirnov-type tests.) In the sequel, we will study the
asymptotic behavior of the maximum “pseudo-likelihood” (MPL) estimator introduced by Oakes (1994)
and studied by Genest et al. (1995). We will also investigate the properties of the GPLR statistic, to
test the null hypothesis Hg : 07 = 0y against the alternative Hp : 07 # 6y, when 0y € 90O is a boundary
point of ©. We will show that, in general, the asymptotic normality of the MPL estimate O, proposed
by Genest et al. (1995), does not hold when 7 € 90 is a boundary value of the admissible parameter
space O. Likewise, the asymptotic distribution of the GPLR statistic is, in general, distinct from the 2
distribution, when 7 € 90. In the special case where the parameter is univariate, with © C R, we will
provide the limiting asymptotic distributions, under the null hypothesis H( of independence, of both,
the MPL estimator and the GPLR statistic. This will allow us to introduce a new test of independence
based on this GPLR statistic. The remainder of the present Chapter is organized as follows. In §8.2,
we recall the principles underlying the MPL estimation procedure, and study, in the univariate case, the
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asymptotic properties of the corresponding estimate 8 = 6,, of 87, when 67 € 9O is a boundary value of
the parameter space ©. It will become clear that the classical property of asymptotic normality does not
always hold in this case. The limiting asymptotic distribution of the test statistic under the alternative
hypothesis is used to derive an approximation of the power function. An application of the forthcoming
results will allow us to evaluate the sample size necessary to guarantee a pre-assigned power level, with
respect to a specified alternative. To establish our results, we use similar arguments as those developed
by Genest et al. (1995) and Tsukahara (2005) in connection with the instrumental statements on rank
statistics established by Ruymgaart et al. (1972) and Riischendorf (1976) among others, combined with
a new technique (based on the law of iterated logarithm given in Lemma 1 in Bouzebda and Keziou
(2008)) to show the existence of the MPL estimator.

8.2 The maximum pseudo-likelihood procedure

8.2.1 Estimation

We recall the principles of the maximum pseudo-likelihood procedure introduced by Oakes (1994) and
studied by Genest et al. (1995). Consider a random sample {(X1x, Xor); £k =1,...,n} from the dis-
tribution of (X, X2), denoted by Fy,(x1,22) = Cp, (Fi(z1), Fa(z2)) = P(X1 < z1,X2 < 22). The
corresponding log-likelihood is then defined by

00 L*0) = Zn:log [0 (P (Xak), Fa(Xor) ) |, (8.6)
k=1

where cq(+, ) == % Cy(-,-) denotes the density of Cy(-,-) on (0,1)?, which we assume to exist, and to
be continuous on (0,1)? for all # € ©. Since the margins, F} and F,, are assumed to be unknown, Oakes
(1994) propose to maximize, on the parameter space 0, the log pseudo-likelihood

he0 L) = anlog [0 (Pin(Xx), Pon(Xor) )| (8.7)
k=1

where, for j = 1,2, ﬁjn() stands for n/(n + 1) times the marginal empirical distribution function of the
j-th variable X;. We have, namely, for ¢ € IR,

o~ /”L 3
where
1 & ,
an(t) = E Z]]-}—oo,t} (Xjk’)a J=12, (89)
k=1

and where 1 4 stands for the indicator function of the set A. The rescaling by the factor n/(n+1), avoids
difficulties arising from potential unboundedness of log [cp(u1, u2)], when either u; or ug tends to 1. The
estimate 6, obtained by maximization of L(#), is known to be consistent when 67 € © is an interior
point of ©, with \/ﬁ(é — OT) being, then, asymptotically normal (see, e.g., Proposition 2.1 in Genest
et al. (1995)). In the present Chapter, we will establish, under appropriate conditions of regularity, the
asymptotic distribution of /n (9~ — GT), when 07 € 00 is a boundary value of ©. The following notation
will be needed, following the lines of Genest et al. (1995). Set

0 €0 l(0,ur,uz) :=log [co(uy, usz)] . (8.10)

The modified empirical copula is defined by

_ 1 <

Ch(u1,u2) := n Z]l{F1n(Xlk)Sul}]l{an(X%)Suz}’ (u1,u2) € (0, 1)2’ (8.11)
k=1
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where Fy,, and Fy, are the empirical distribution functions, defined as in (8.9). The modified empirical
copula is slightly different from the empirical copula C,,(u1,u2), introduced by Deheuvels (1979a), and
defined by

(Dn(ul,uQ):Fn(Fl_l(ul),FQ_l(uQ)> for (ur,uz) € (0,1)2, (8.12)

where F !(-) and Fy,!(-) denote the empirical quantile functions, associated with Fy, (1) = Fy, (21, 00)
and Fy,(x2) = F, (00, z2), respectively, and defined by

F M) == inf{z € R| Fjn(x) > t}, j=1,2. (8.13)
Here, F,,(-,-) denotes the joint empirical distribution function, associated with the sample {( X1, Xor); k =
1,...,n}, defined by

1
Fn(a:l,mg) = ﬁ Z]l{XwSm}]l{szSIz}’ — 00 < T1,To < OQ. (8.14)
k=1

Let C), be the rescaled modified empirical copula (not to be confused with C,, in (8.12)), defined by

R 5
Cn(ul’uz) = E Z]l{ﬁm(xm)ﬁm}]l{ﬁm(x%)ﬁuz}’ (ul’u2) € (O’ 1) ’ (8'15)
k=1

where the ﬁjn(-), j =1,2, are as in (8.8). It is not too difficult to see that the log pseudo-likelihood (8.7)
can be rewritten into the following integral form

L(6) = n/IE(Q,ul,uQ) dCp(u1,u2), (8.16)

where I := (0,1)? and £ (6,u,u2) is as in (8.10). We recall here that the random vectors (X1x, Xo),
k=1,2,..., are iid. replicae of (X1, X>). Statistics of the form W, := [; ¢(u1,u2) dCp(u1,uz), belong
to the general class of multivariate rank statistics. Their asymptotic properties have been investigated
at length by a number of authors, among which we may cite Ruymgaart et al. (1972) and Riischendorf
(1976). In particular, the previous authors have provided regularity conditions, imposed on (-, -), which
imply the asymptotic normality of ¥,,. The corresponding arguments have been modified by Genest
et al. (1995), as to establish almost sure convergence of the estimators they consider (see e.g. Genest
et al. (1995) Proposition A.1). In the same spirit, the limiting behavior, as n — oo, of the estimators
and test statistics which we will introduce later on, will make an instrumental use of the general theory
of multivariate rank statistics, and rely, in particular, on Proposition A.1 in Genest et al. (1995). The
existence and consistency of our estimators will be established through an application of the law of iterated
logarithm for empirical copula processes, in combination with general arguments from multivariate rank
statistics theory (we refer to Deheuvels (1979a), Fermanian et al. (2004) and the references therein). In
the sequel, we shall limit ourselves to the following setup. In the case where 6 is a boundary value of O,
we assume that the parameter space © is of the form [0y, co[, with 0y, denoting the value of the parameter
which corresponds to the hypothesis Hy of marginal independence. We recall that 07 € © denotes the true
value of the parameter of interest 6. These assumptions entail that 6y € 9O is a boundary value of ©. We
will use a parametric family of copulas denoted by {Cy(u1,us),0 € © = [0y, 0[, (u1,u2) € I = (0,1)%}.
We assume, for each § € O, the existence of a continuous density cy(-,-) on I. It will become obvious
later on that our arguments extend to more general parameter spaces. We will make use of the following
definitions.

Definition 8.1. (i) Let Q be the set of continuous functions q on [0,1] which are positive on (0,1),
symmetric about 1/2, increasing on [0,1/2] and satisfy fol{q(t)}*zdt < 00.

(ii) A function r : (0,1) — (0,00) is called u-shaped if it is symmetric about 1/2 and increasing on
(0,1/2].
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(iii) For 0 < B < 1 and u-shaped function r, we define

£ = r(Bt) if 0<t<1/2;
7“ﬁ()'_{r{l,@(lt}} if 1/2<t<1.

If for 8 > 0 in a neighborhood of 0, there exists a constant Mg, such that rg < Mgr on (0,1),
then r is called a reproducing u-shaped function. We denote by R the set of reproducing u-shaped
functions.

Typical examples of elements, in Q and R, are given by q(t) = [t(1—1)]°, 0 < ¢ < 1/2, and r(t) =
o[t(1—1%)]"°, ¢ >0, o> 0. We give our results under the following assumptions.
(C.1) There exist functions rq x, 72, € R such that aak (O, ur,u2)| < rip(ur)rag(uz), for k=1,2,
and ‘303 (0,uq, u2)‘ < r1,3(u1)r2,3(u2) on a neighborhood N (6r) of 67, where
fl {r1( u1)7’27;§(u2)}~2 dCp,(u1,u2) < oo for k=1,2,3;

(C.2) The function (uy,u2) € I — 35 9 0(07,u1,us) is of bounded variation on I;

(C.3) For each 6, the function @6(9 ui,u2) : I — R is continuously differentiable, and there exist
functions r; € R, 7, € R and ¢; € Q for i = 1,2, such that ‘8%92“2_6(0,111,@)’ < 7i(u)rj(uy),i,5 =
1,2 and i # j, and [ {q;(ui)7i(us)r;(uj)} dCp, (w1, ug) < o0, 4,5 = 1,2 and i # j;

(C.4) There exists n > 0, such that the function § € © — £(0,u1,us2) is concave on [0y, 6y + 7], almost
everywhere, with respect to (uj,u2) € I.

The following additional notatign will be needed. Letting, for : = 1,2,
Wi(0r, X;) := [; ﬂ{Fi(Xi)gui}a%gwE(HT,U17U2)09T(U1,U2) duidus, set

Bi=—FE [892 0 (07, Fi(X1), FQ(XQ))} , (8.17)

and
= Var [Z ¢ (07, F1(X1), Fa(X2)) + Wi (07, X1) + Wa (07, X2)] . (8.18)

It is readily checked that 8 and W;(X;) can be rewritten into § = E [( (07, F1(X1), FQ(XQ)))Q] , and,
fori=1,2, W;(0p, X;) = — f[ ﬂ{Fi(Xi)Sui}% {0, ’LL1,’LL2} o {07, u1,uz} co, (ur, uz) durdus.
Theorem 8.1. Let the conditions (C.1-3) be fulfilled and § > 0. The following properties hold.

(1) Whenever O is an interior point of ©, the following properties are satisfied.

(a) Let B(0p,n~'/3) = {9 € 0,0 —0r| < n_1/3}. Then, with probability 1, for all n suffi-
ciently large, the function 6 — flﬁ(e,ul,uz) dCy(uy,u2) reaches its supremum for some
0, € B(?T,n_l/‘g), so that |0, — 07| = O(n~'/3) as n — co. Moreover,
f] %E(Qn,ul,ug) an(ul,ug) =0.

(b) We have the convergence in distribution, as n — oo,
Vi (0, — 07) % N(0,6%/8%). (8.19)

(2) Whenever Op = 0y, is on the boundary of © = [0y, 00), the following properties are satisfied.

(a) Let By (fg,n~1/3) = [90, 0o + n_1/3). Then, with probability 1, for all n sufficiently large, the
function 0 — |, £(0,uy1,us) dC,(ui,us) reaches its supremum for some 6, € B O, n~1/3),
I
so that |0, — 0g| = O(n=/3) as n — .
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(b) Let conditions (C.1-4) be fulfilled. Then, as n — oo, we have the convergence in distribution
~ d
Vi (0 —00) = X4 = X1 (x=0), (8.20)

where X % N(O, 02/B2) denotes a centered normal random variable with variance o*/32.

Remark 8.1. A result in Genest et al. (1995) says that the MPL estimator, in general, is not as efficient
as the ML one. However, under condition (C.5) below, it is efficient (its limit variance is the same as
the ML one); see Proposition 2.2 in Genest et al. (1995), see also Genest and Werker (2002).

8.2.2 Tests of Independence

In this Section, we consider tests of marginal independence, under the previously considered parametric
copula models. Throughout, we shall assume that marginal independence, namely the assumption,
denoted hereafter by Ho, that Cp,.(u1,u2) = ujug for all 0 < uj,us < 1, is equivalent to the condition
that 07 = 60y, i.e., Cg,(u1,u2) = ujus for all 0 < uy,ug < 1. The alternative hypothesis, H; : 01 # 6y, is,
naturally, composite. The corresponding GPLR statistic is given by

. n Fio(X1z), Fon(X
Sn — Sn(9070) = 210g Sup669 Hk:l 09( 1 ( 1k)7 2 ( 2]6))

n
— = = 2su log co(Fip (X Fy, (X
[T cou (Fon(Xor), Fon(Xo)) ‘9681; g co(Fin(X1k), Fan(Xak)),
(8.21)
since cg,(u1,u2) = 1, for all 0 < wy,uz < 1. It turns out that, under the assumptions (C.1-2-3-5), and
when 6 is an interior point of © (which is the case, in particular, for the FGM copula (9.8)), the limit law
of S,, as n — oo, under the null hypothesis Hy of independence, is a x? law with one degree of freedom.
In the following, we will work under the additional condition (C.4), and provide the limit law, as n — oo,
of the statistic S,,, under the null hypothesis Hg, and when 6y is a boundary point of ©. We will also
describe its limiting behavior, under the alternative hypothesis H;. In agreement with the assumptions
and notations of the previous Section, we assume that the parameter space © is of the form [0y, co[. We
will make use of the following additional assumptions.

(C.5) We have limg_.g, %E(Q,ul,uz) = 0, and there exist a neighborhood N(6y) of 6y, M7 > 0 and
91 > 0 such that, for all § € N(6p) N O, one has, for i = 1,2,
‘%E(@,ul,w)a%i E(G,ul,uz)CQ(ul,uQ)‘ < Myr(u;) =10 (us )00 where r(u) := u(l — u) for
u € (0,1);

(C.6) There exist a neighborhood N (07) of 67, and functions r; € R such that for all § € N(67) N O, we
have ‘%f(@,ul,UQ)‘ < ri(ur)ra(ug) with f; {r1(u1)ra(u2) } dCo, (u1, u) < oc.

(C.7) There exist functions r;,7; € R, ¢; € Q, i = 1,2, such that |£(0p,u1,u2)| < ri(uy)ra(ue),

2 (0, ur, us)| < Ty )., = 1,2 amd i #

with [; {rl(ul)rg(ug)}Q dCo,(u1,u2) < oo and [;{qi(ui)7i(ui)rj(us)} dCoy (ur,u2) < o0, 4,5 =
1,2 and i # j.
Theorem 8.2. Assume that the conditions (C.1-2-3-4-5) hold. Then, under the null hypothesis Ho, the

statistic S, converges in distribution, as n — 0o, to the random variable ZZII{Z>O}, where Z 2 N(0,1)
s a standard normal random variable.

We now describe the limiting behavior of the statistic S,, in (8.21), under the alternative hypothesis
Hi : 07 # 6. We will make use of the, so called, modified Kullback-Leibler divergence between probability
measures. This quantity is defined by setting K L, (Q, P) := [, ¢ (Z—g) dP, where here, (Q and P denote

two probability measures, on measurable space (X, B), with Q) < P, absolutely continuous with respect
to P, and where we set p(x) := —logz + x — 1 for all x > 0. Note that K L,,(Q, P) > 0 is nonnegative,
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and becomes equal to 0, if and only if @ = P. In the following, we will use the notation K L., (6, 1), to
denote the K L,,-divergence between the two distributions induced on I by Cy, and Cp,.. Recalling the
definition (8.21) of S,,, we observe that 5-S,, can be rewritten into

n I Cén(“1’“2 0c0 J1 co(u1, u2)

which is nothing else but an empirical version of the non-random quantity

CGO(ULUZ)
sup [ —log Lo\ Y2) e ug). 8.23
968/[ S o (U1, u2) (8.23)

It is readily checked that the supremum in (8.23) is reached for the unique choice of 8 = Op; see e.g. Bro-
niatowski and Keziou (2006) Theorem 4.4 for a general proof in the context of p-divergences. Therefore,
we can write

coo (U1, u2) / coo (U1, u2)
su —log ———=5 dCy..(u1,us) = [ —log —"—% dCy..(u1,us2), 8.24
eeg/l 8 oy, ) o (u1,u2) 108 ) o (u1,uz) (8.24)

which is equal to K Ly, (6o, 7). By all this, we see that %’; can be interpreted as an empirical version of
K L;,(00,07). This observation allows us to give a description of the limiting behavior of S,,, under the
alternative hypothesis Hi. Our result concerning this problem is stated in the theorem below.

Theorem 8.3. Let the conditions (C.1-2-3) and (C.6-7) be fulfilled. Then, under the alternative hypoth-

esis Hy : Op # 0y, we have, as n — oo, \/ﬁ(g—g — KLy, (60,07)) KN N(0,~?%), converges to a centered
normal random variable with variance equal to

72 := Var [h(@T,Fl(Xl), FQ(XQ)) + }/1(0T7X1) + Y2(0T7X2)]7 (825)

where Y;(0r, X;) = — ff]]'{Fi(Xi)Sui}% h{0p,ui,us} % h {07, ui,uz} co, (u1,u2) duidus.

Remark 8.2. The above reqularity conditions are satisfied by a large number of single parameter families
of bivariate copulas, including the standard bivariate normal, the Farlie-Gumbel-Morgenstern system, and
copulas of the archimedean variety such as those of Ali-Mikhail-Haq, Clayton and Frank; see e.g. Genest
et al. (1995) and Tsukahara (2005).

Remark 8.3. The asymptotic variances (8.18) and (10.19) may be consistently estimated respectively by
the sample variances of %E <§n, ﬁln(XLk), ﬁgn(Xng)) + Wl(gn,XLk) + Wg(gn, Xog), k=1,...,n, and

h <5n,ﬁ1n(X1’k),F\2n(X2,k)) + Yl(an,XLk) -+ Yg(gn,Xg,k), k=1,....,n, as was done in Genest et al.
(1995). Similarly, the parameter  in (8.17) may be consistently estimated by the sample mean of

[%5 (gn,ﬁln(Xl,k>7F\Qn(XQ,k)>]2, k=1,...,n.

Remark 8.4. An application of theorem 8.2, leads to reject the null hypothesis Hqg : 07 = 0y, whenever
the value of the statistic S,, exceeds q1—o, namely, the (1 — «)-quantile of the law of the random variable
Z21{2>0}. The corresponding test is then, asymptotically of level o, when n — oo. The critical region is,
accordingly, given by CR :={S,, > qi—a}. The fact that this test is consistent follows from Theorem 2.3.
Further, this theorem can be used to give an approzimation to the power function O € O — [(fr) =
Py, {CR} in a similar way to Keziou and Leoni-Aubin (2005) and Keziou and Leoni-Aubin (2008). We
so obtain that

BOr) ~1—d <7(9*0/ZT) (q;;a — KLy (%, eT))> , (8.26)

where ® denotes, as usual, the cumulative distribution function of an N(0,1) standard normal random
variable. A wuseful consequence of (10.20) is the possibility of computing an approximate value of the
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sample size ensuring a specified power B(6r), with respect to some pre-assigned alternative Op # 6. Let
ng be the positive root of the equation

B=1-0 <7(0\0/759T) (q;;” — KLy (6o, 9T))> : (8.27)

which can be rewritten into
(a+b) —\/a(a+ 2b)
2K Ly (00, 07)?

where a = (6o, 07) (®~1(1 — [3))2 and b := q1—o K L, (600,07). The sought-after approzimate value of
the sample size is then given
n* = |ngo| + 1,

where |u| denote the integer part of u.

8.3 Concluding remarks and possible developments

We have addressed the estimation and test problems for parametric copulas models with unknown
marginals. We have studied the MPL estimator and the GPLR statistic (for testing the null hypothesis of
independence) both when the parameter is an interior or a boundary point of the parameter space, under
the null and the alternative hypotheses. The existence of the MPL estimator is proved using the law of
iterated logarithm of the empirical copula process. Simulation results show that the law approximation
of the GPLR statistic by its limiting law is good even for small sample sizes. It is well known that the
MPL estimator under the hypothesis of independence, if the parameter is an interior point, is as efficient
as the ML one (their limit variance is the same); it will be interesting to compare the efficiency of the
MPL and ML estimators when the parameter is a boundary value of the parameter space. In regular
case, in parametric estimation it is proved that the GLR test is optimal in Bahadur sense, and in Pitman
sense (for local alternatives), and in general it is preferable than the score-type tests. Hence, it seems
natural to see if these properties remain valid for the GPLR test in semiparametric copula models both
when the parameter is an interior point or not.



Chapter 9

A test procedure of independence in
copula models via y*-divergence

In this Chapter, we present our main results of the paper Bouzebda and Keziou (2010b).
We introduce a new test procedure of independence in the framework of parametric copulas
with unknown marginals. The method is based essentially on the dual representation of y>-
divergence on signed finite measures. The asymptotic properties of the proposed estimate
and the test statistic are studied under the null and alternative hypotheses, with simple
and standard limit distributions both when the parameter is an interior point or not. The
procedure has been generalized to other ¢p-divergence criteria and it has been showed that
the the choice of chi-square divergence presents good properties in terms of efficiency-
robustness; see Bouzebda and Keziou (2010a).

9.1 Introduction and motivations

Parametric models for copulas have been intensively investigated during the last decades. Copulas have
become of great interest in applied statistics, because of the fact that they constitute a flexible and
robust way to model dependence between the marginals of random vectors. The reader may refer to the
following books for excellent expositions of the basics of copula theory : Nelsen (2006) and Joe (1997).
In this framework, semiparametric inference methods, based on pseudo-likelihood, have been applied to
copulas by a number of authors (see e.g. Shih and Louis (1995), Wang and Ding (2000), Tsukahara
(2005) and the references therein). Throughout the available literature, investigations on the asymptotic
properties of parametric estimators, as well as the relevant test statistics, have privileged the case where
the parameter is an interior point of the admissible domain. However, for most parametric copula models
of interest, the boundaries of the admissible parameter spaces include some important parameter values,
typically among which, that corresponding to the independence of margins. This Chapter concentrates
on this specific problem. We aim, namely, to investigate parametric inference procedures, in the case
where the parameter belongs to the boundary of the admissible domain. In particular, the usual limit
laws both for parametric copula estimators and test statistics become invalid under these limiting cases,
and, in particular, under marginal independence. Motivated by this observation, we will introduce a
new semiparametric inference procedure based on x2-divergence and duality technique. We will show
that the proposed estimator remains asymptotically normal, even under the marginal independence
assumption. This will allow us to introduce test statistic of independence, his study will be made,
both under the null and alternative hypotheses. It is well known since the work of Sklar (1959) that the
joint behavior of a bivariate vector (X1, Xs) with d.f. F(x1,29) := P(X; < x1, X2 < 22), and continuous
marginal d.f’s Fj(z;) := P(X; < z;), ¢ = 1,2, is characterized by the copula (or dependence function)
C(-,-) associated with F(-,-). The copula function is defined, for all (u1,us) € (0,1)?, through the
identity C'(u1,uz) := P{F1(X1) < uy, F5(X32) < ug}. Many useful multivariate models for dependence
between X and X5 turn out to be generated by parametric families of copulas of the form {Cy; 6 € O},
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typically indexed by a vector valued parameter § € © C RP (see e.g. Kimeldorf and Sampson (1975b),
Kimeldorf and Sampson (1975a), and Joe (1993)). The nonparametric approach to copula estimation
has been initiated by Deheuvels (1979a), who introduced and investigated the empirical copula process.
In addition, Deheuvels (1980, 1981) described the limiting behavior of this empirical process (see, also
Fermanian et al. (2004) and the references therein). In this Chapter, we consider semiparametric copula
models with unknown marginals. In order to estimate the unknown true value of the parameter 6 € O,
which we denote, throughout the sequel, by 67 € ©, some semiparametric estimation procedures, based
on the maximization, on the parameter space O, of properly chosen pseudo-likelihood criterion, have
been proposed by Oakes (1994), and studied by Genest et al. (1995), Shih and Louis (1995), Wang and
Ding (2000) and Tsukahara (2005) among others. In each of these papers, some asymptotic normality
properties are established for \/ﬁ(é — QT), where 6 = 6, denotes a properly chosen estimator of p.
This is achieved, provided that 61 lies in the interior, denoted by Ci), of the parameter space ©® C RP.
On the other hand, the case where 67 € 00 := © — Oisa boundary value of ©, has not been studied
in a systematical way until present. Moreover, it turns out that, for the above-mentioned estimators,
the asymptotic normality of \/ﬁ(é — OT), may fail to hold for 67y € 90; indeed, under some regularity
conditions, when ¢ is univariate, we can prove that the limit law is the distribution of Z1 (7>, where Z
is a centred normal variable, and that the limit law of the generalized pseudo-likelihood ratio statistic is
a mixture of chi-square laws with one degree of freedom and Dirac measure at zero; see Bouzebda and
Keziou (2008). Furthermore, when the parameter is multivariate, the derivation of the limit distributions
under the null hypothesis of independence, becomes much more complex; see Self and Liang (1987).
Also, the limit distributions are not standard which yields formidable numerical difficulties to calculate
the critical value of the test. We cite below some examples of parametric copulas, for which marginal
independence is verified for some specific values of the parameter ¢, on the boundary 90 of the admissible
parameter set ©. We start with examples for which 0 varies within subsets of R. Such is the case for the

extreme value copulas, namely, C4(u1, u2) := exp {log ujug A ( log ug )} , where A(+) : [0,1] — [1/2,1] is

log u1u2
a convex function such that max(¢,1 —¢) < A(t) <1, forall 0 <¢ < 1.
For
Alt) = Ag(t) = (P + (1 =)DV b e[1,00], (9.1)

we have Gumbel (1960) family of copulas, which is one of the most popular model used to model bivariate
extreme values. For

Agt) =1— 04+ 1 —-t)"97Y% 9e0,00] (9.2)

we obtain Galambos (1975) family of copulas. Finally for

Ag(t) = 1B (91 4 %Qlog <1t_t)> + (1= 1D (91 - %Qlog <1t_t>> , (9.3)

where 6 € [0,00[ and ®(-) denoting the standard normal N(0, 1) distribution function, we obtain the
Hiisler and Reiss (1989) family of copulas. A useful family of copulas, due to Joe (1993), is given, for
0 <u,uz <1, by

0 0 0 o]%/*
Co(ur,ug) :=1— (1 —u1)” + (1 —u2)” — (1 —up)’(1 — ug) ; 0el, 00 (9.4)
The Gumbel-Barnett copulas are given, for 0 < uy,us < 1, by
Co(ui,u2) :=ujugexp{—(1 — 6)(logui)(loguz)}; 6 € 0,1]. (9.5)

The Clayton copulas of positive dependence are such that, for 0 < uy,us < 1,

~1/6
Cy(ur, uz) = (u;9 tuyf - 1) . 9 €0, 0. (9.6)
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Parametric families of copulas with parameter 6 varying in RP, for some p > 2, include the following
classical examples. Below, we set 6 = (01, 92)T € R?.

1/92 —1/01
} . 8 €10, 00[x[1, o0 (0.7)

C@(ul,UQ) = {1 + [(UI& _ 1)92 + (u591 _ 1)62}

Cofiur,uz) = exp { — [02 1o (exp (~0a(10gun)®) + oxp (~tallogun)®) ~1)] "},

0 € [1,00[x]0, oo[. For other examples of the kind, we refer to Joe (1997).

For each of the above examples, the independence case Cy,.(u1,u2) = ujug (or A(t) = 1) occurs at the
boundary of the parameter space O, i.e., when 67 = 1 for the models (9.1), (9.4) and (9.5), 67 = 0 for the
models (9.2), (9.3) and (9.6), 67 = (0,1)T for the bivariate parameter model (9.7), and 67 = (1,0) " for
the bivariate parameter model (9.8). In the sequel, we will denote by 6y the value of the parameter (when
it exists), corresponding to the independence of the marginals, i.e., the value of the parameter for which
we have Cy, (u1,u2) := ujug, for all (ug,uz) € (0,1)2. Hence, 6y = 1 for the models (9.1), (9.4) and (9.5),
0y = 0 for the models (9.2), (9.3) and (9.6), 6y = (0,1)" for the model (9.7), and 6y = (1,0)" for the
model (9.8). Note that for the models (9.2), (9.3), (9.6), (9.7) and (9.8), Cg,(u1,u2) = ujus is naturally
defined to be the limit of Cy(-,-) when 6 tends to 6y with values in ©. We denote cy(-,-) := %;uz Co(-,-)
the density of Cy(-,-) and we define ¢g,(,-) to be the limit of cg(-,-) when 6 tends to 6y with values
in ©. Hence, we can show that for all the above models ¢g,(ui,u2) = 1 for all 0 < wuj,us < 1. In
contrast to the preceding examples, where 6y € 00 is a boundary value of ©, the case where 6y is an
interior point of ® may, at times, occur, but is more seldom. An example where 0y € O is given by the
Farlie-Gumbel-Morgenstern (FGM) copula, defined by

Cy(uy,u2) = ugug + Quguz(l —uq1)(1 —ug), 0 € © := [-1,1], (9.8)

and for which 6y =0 € &) =] — 1,1[. In the present Chapter, we will treat parametric estimation of 6,
and tests of the independence assumption 7 = 6y. We consider both the case where 6 € © is an interior
point of ©, and the case where 8y € 00 is a boundary value of ©. To treat this case, we propose a new
inference procedure, based on an estimation of y?-divergence by duality technique. This method may be
applied independently of the dimension of the parameter space. Also the limit law of the estimate of the
parameter is normal and the limiting distribution of the proposed test statistic is xy? under independence,
either when 6y is an interior point, or when 6y is a boundary point of ©. The idea is to include the
parameter domain © into an enlarged space, say O, in order to render 6y an interior point of the new
parameter space, ©,. The conclusion is then obtained through an application of y2-divergence and duality
technique. Our methods rely on the fact that, under appropriate assumptions, the definition of the density
co(-,-) = #2@ Cy(-,-) of Cy(-,-), pertaining to the models we consider, may be extended beyond the
standard domain of variation © of . On the other hand, the definition of ¢4(+,-) which corresponds to
these extensions, is then, in general, no longer a density, and may, at times, become negative. For example,
such is the case for the parametric models (9.1), (9.4), (9.2) and (9.3), for which cy(-, ) is meaningful for
some 6 ¢ O, but then, becomes negative over some non-negligible (with respect to Lebesgue’s measure)
subsets of (0,1)2. This implies that the log-likelihood of the data is not properly defined on the whole
space O,. For this reason, we will use the y2-divergence between signed finite measures. We will discuss
this problem in more details, below, in Section 9.2. The remainder of the present Chapter is organized as
follows. In Section 9.2, we present our semiparametric inference procedure, based upon optimization of
the x2-divergence between the model (Cy, § € ©.) and the empirical copula associated to the data, and by
using the dual representation of x?-divergence. We then derive the asymptotic limiting distribution of the
proposed estimator. It will become clear later on from our results, that the asymptotic normality of the
estimate holds, even under the independence assumption, when, either, fy is an interior, or a boundary
point of ®. The proposed test statistic of independence is also studied, under the null hypothesis Hg of
independence, as well as under the alternative hypothesis. The limiting asymptotic distribution of the
test statistic under the alternative hypothesis is used to derive an approximation to the power function.
An application of the forthcoming results will allow us to evaluate the sample size necessary to guarantee
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a pre-assigned power level, with respect to a specified alternative. Simulation results are presented in
Bouzebda and Keziou (2010b) Section 4, illustrating the performance of the proposed test statistic.

9.2 A semiparametric estimation procedure through y?-divergence

As mentioned earlier, the problem of estimating 6, when 6 € 00, has not been systematically considered
in the literature; and the classical asymptotic normality property of the estimators is no longer satisfied.
To overcome this difficulty, in what follows, we enlarge the parameter space © into a wider space O, D 0.
This is tailored to let 8y become an interior point of .. Naturally, we assume that the definition of
the function c¢y(-,-) may be extended to ©.. The difficulty associated with this construction is that,
subject to a proper definition, the densities cy(-, ) of Cy(-, ) with respect to the Lebesgue’s measure, may
become negative on some non negligible subsets of I := (0,1)? (in this case cy(-,-) becomes the density
of a signed measure, see Remark 9.4). Note that just as Deheuvels’s empirical copula is not a copula,
co(+,-) for 0 € O, is not necessarily a copula density and fail to integrate to 1. When such is the case,
a semiparametric estimation of 7 via log-likelihood cannot be used. To circumvent this difficulty, we
introduce a new inference procedure, based on y?-divergence method, and duality technique. Recall that
the y2-divergence between a finite signed measure Q, and a probability P, both defined on a same o-filed
(X,B), when Q is absolutely continuous with respect to P, is defined by

2 (Q, P) := /X © <Z§(:{:)> dP(x), where ¢ : z € R+ p(z):= % (. —1)%. (9.9)

In the sequel we denote by x?(6p, 07) the y?-divergence between the copula distributions Cy, (-, -) and

dCl, (u1,uz2) .
Cop (1), iews X2(00,07) = [0 (i) dCop(ur,uz) = [1 (b)) dCop(ur,ue). Applying
the dual representatlon of p-divergence obtained by Broniatowski and Keziou (2006) Theorem 4.4, we
readily obtain that x?(6p,fr) can be rewritten as

XQ(GO,GT) = sup {/If(ul,ug) dCo,(u1,u2) — /(p*(f(ul,ug)) dC’gT(ul,ug)}, (9.10)

fer I

where ¢*(-) is used to denote the convex conjugate of ¢(-), i.e., the function defined by ¢* : t € R —
©*(t) == supyeg {tr — p(z)} = 4t> +¢, and F is an arbitrary class of measurable functions, fulfilling the
following conditions : Vf € F, [;|f(u1,uz2)| dCy,(u1,uz) is finite and ¢'(dCy,/dCp,.) = ¢'(1/cg,) € F.
Furthermore, the sup in (9.10) is unique and achieved at f = ¢'(1/cp,.). Define the new parameter space
©. of 0 as follows. Set

O := {9 € R? such that / ' (1/co(ur, uz))| durdug < oo} . (9.11)

Choosing the following class of functions F := {(u1,u2) € I — ¢'(1/cg(ur,u2)) —1; 6 € ©.}, we infer
from (9.10) the relation

, 1 / 11 1
- S| S Y (- - . 12
x“ (0o, O1) eseuge{/f <ca(u1,u2) duidus A\ SatmeE 2 dCGT(uhUQ)} (9.12)

It turns out that the supremum in (9.12) is reached iff & = 6. Moreover, in general, 07 is an interior
point of the new parameter space O., especially under the null hypothesis of independence, namely, when

01 = 6. Set
1 1 1 1
m(0,ui,u) == — — 1) dugdug —{ =——5 — — 5. 9.13
(6, w1, u2) /1(09(U17U2) > o {200(%2@)2 2} (919)

Consider a random sample {(X1x, Xox);k = 1,...,n} from the distribution of (X1, X2) denoted by
Fo,(x1,22) := Cp.(F1(21), Fa(x2)) = P(X1 < 21, X2 < x2). In what follows, we propose to estimate the
x2-divergence x?(6p, 0r), between Cy,(,-) and Cy..(-, "), by

)25(00,971) = esué) /m(@,ul,UQ) dCy (u1,u2), (9.14)
€0e
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and to estimate the parameter 7 by

~

6, := arg sup {/m(@,ul,uQ) an(ul,ug)}, (9.15)
[ASCH I

where C), (-, -) is the modified empirical copula, defined by

n

D Lr (<o} L Fan (Xap)<un}s (U1,u2) € 1, (9.16)
P

1

Cn(uy,ug) := -

where

1 ¢ :
an(t) = E Z]l]—oo,t](X]k)7 J= 1725
k=1

and 1 4 stands for the indicator function of the set A.

Remark 9.1. The choice of the x?*-divergence among various divergences is motivated by the following
statements:

- Recall that the @-divergences, between a finite signed measure Q and a probability P on (X, B),
when Q is absolutely continuous with respect to P, is defined by

p.QP) = [ o) P

where ¢ is a proper closed convex function from | — oo, 0] to [0,00] with ¢(1) = 0 and such that
the domain dom, := {x € R : () < oo} is an interval with end points a, < 1 < b,.The Kullback-
Leibler, modified Kullback-Leibler, x?, modified x?, and Hellinger divergences are examples of -
divergences; they are obtained, respectively, for p(x) = xlogx—xz+1, p(x) = —logz+x—1, p(z) =
Tz —1)2, p(z) = %(1;1)2, and p(x) = 2(y/x — 1)2. We observe that Kullback-Leibler, modified
Kullback-Leibler, modified x?, and Hellinger divergences are infinite when dQ/dP takes negative
values on non negligible (with respect to P ) subset of X, since the corresponding ¢(+) is infinite on
(—00,0). This problem does not hold in the case of x*-divergence, indeed the corresponding (-) is

finite on R.

- We give an example of copulas for which the likelihood-based procedure fails. We consider the
Gumbel copulas Cy(-,-) given in (9.1), it’s corresponding density copula is defined by

1 (uqug)@ —~—0 | —~07(1/0)
co(ur,uz) == Cp(uy, ug)(urusz) (?719 n %6)(2_1/0) (u1” +uz) +6—-1], (9.17)
where T = —logx. We can show that cy(-,-) may take negative values for some 6 € O.. In fact

co.7(u, ug) is negative for (ui,us) € [0.9,1]2, hence the likelihood function is not well defined.

Remark 9.2. The set ©. defined in (9.11) is generally with non empty interior ée. In particular, we
may check that 0y (the value corresponding to independence) belongs to O., since the integral in (9.11)
is finite; it is equal to zero when 6 = 6y, for any copula density cy(-,-). For example, in the case of
FGM copulas (9.8), it is easy to show that ©, = R. However, it is hard to determine the whole set
O, for some copulas, but in order to test the independence, we meed only to prove the existence of a
neighborhood N (0y) of Oy for which the integral in (9.11) is finite since we calculate the estimate O, in
(9.15) by Newton-Raphson algorithm using 0y as initial point. The explicit calculation of the integral in
(9.11) may be complicated for some copulas, in such cases we use the Monte Carlo method to compute
this integral.
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Statistics of the form ¥, := f1¢(u1,u2) dCy,(u1,uz2), belong to the general class of multivariate rank
statistics. Their asymptotic properties have been investigated at length by a number of authors, among
whom we may cite Ruymgaart et al. (1972), Ruymgaart (1974) and Riischendorf (1976). In particular,
the previous authors have provided regularity conditions, imposed on (-, -), which imply the asymptotic
normality of ¥,,. The corresponding arguments have been modified by Genest et al. (1995), Tsukahara
(2005) and Fermanian et al. (2004), as to establish almost sure convergence of the estimators they
consider. In the same spirit, the limiting behavior, as n tends to the infinity, of our estimator and test
statistic T, will make an instrumental use of the general theory of multivariate rank statistics. Using
some similar arguments as in Qin and Lawless (1994), the existence and consistency of our estimator and
test statistic will be established through an application of the law of the iterated logarithm for empirical
copula processes, in combination with general arguments from multivariate rank statistics theory. In the
sequel, without loss of generality, we will limit ourselves to the case where the parameter is univariate.
The extensions of our result in a multivariate framework may be achieved, at the price of additional
technicalities, and under similar assumptions. We will make use of the following definitions.

Recall the definition of the sets of functions QAand R, given in Definition 8.1. We will describe the
asymptotic properties of the proposed estimate 6,, under the following conditions.

(C.1) There exist functions r ,72% € R such that %m(&T,ul,m) < rig(ur)reg(ug), for k = 1,2,

and

g—; m(0,uy, uz)‘ < r1,3(u1)r2,3(u2) on a neighborhood N (6r) of 67, where
fI {rl,k(ul)rlk(m)}z dCp,(u1,uz) < oo for k=1,2,3;

(C.2) The function (uy,us) € I — % m(67,u1,u2) is of bounded variation on I;

(C.3) For each 6, the function £ m(6,us,uz) : I — R is continuously differentiable, and there exist
functions r; € R, 7; € R and ¢; € Q for i = 1,2, such that %sui m(&,ul,uQ)‘ < 7(ui)rj(ug), i, j =
1,2 and i # j, and [ {qs(uwi)7i(us)rj(u)} dCp, (ur,up) < o0, i,j = 1,2 and i # j.

Set
E::—E[%%nprﬂXR%FﬂX%»y (9.18)

and

»2 .= Var [%m (O, F1(X1), Fo(X2)) + Wi (0p, X1) + WQ(GT,XQ)] , (9.19)
where W;(0r, X;) = fj]l{Fi(Xi)gui}%swm(9T7U17U2)00T(U17U2) duidus, i = 1,2. We can see that Z
and W;(X;) can be defined, respectively, by E = E [(%m (QT,Fl(Xlk),FQ(XZk)))Q} and, for i = 1,2,
Wi(0r, X;) = _f[]l{Fi(Xi)Sui}%m (01, u1,u2) %im (01, u1,u2) cop(u1,u2) dujdug. The following theo-

rem describes the asymptotic behavior of the estimate 0, given in (9.15). From now on, « 43 denotes
the convergence in distribution.

Theorem 9.1. Assume that the conditions C.1-C.3 hold.

(a) Let B(07,n~Y/3) := {0 € O, |0 — 0p| < n~Y/3}. Then, asn — oo, with probability one, the function
0 — [m(0,u1,uz) dCy(ui,us) reaches its mazimum value at some point 0,, in the interior of the
interval B(@T,n_1/3). As a consequence, the estimate is consistent almost surely and satisfies

fI %m (é\n,Ul,UQ) an(Ul,UQ) = 07
(b) Asn — o0, /(B —0r) <= N(0,22/=2).

9.3 A test based on “y2-divergence”

One of the motivations of the present work is to build a statistical test of independence, based on
x2-divergence. In the framework of the parametric copula model, the null hypothesis, namely, the
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independence case Cy(u1,u2) = ujug corresponds to the condition that Hy : 67 = 6y. We consider the
alternative composite hypothesis Hi : 0p # 0p. The corresponding generalized pseudo-likelihood ratio
statistic is then given by

- ncg(Fin(X1p), Fon(X " . N
Sn(GO,H) _ 210g SUPgco Hk:l C@( 1 ( lk)v 2 ( Qk)) _ QSUPZIOgCQ(Fln(Xlk),F2n(X2k;)),

TT7_1 coo(Fin(Xur), Fon(Xor)) 0€0 —

where, for j = 1, 2, J?'Jn stands for n/(n+ 1) times the marginal empirical distribution function of the j-th
variable X;. The rescaling by the factor n/(n+1), avoids difficulties arising from potential unboundedness
of log cg(u1, uz), when either u; or ug tends to one. Since,  is a boundary value of the parameter space
O, we can see, that the convergence in distribution of S,, to a x? random variable is not likely to hold.
In order to bring a solution to this problem, we introduce the statistic

~

T, (00, 0,) := 2n sup /m(ﬁ,ul,uQ) dCyp(u1,u2). (9.20)
0e®. JI

~

Below, we will show that, under the null hypothesis Hy, the just-given statistic T, (6o, 6,) converges
in distribution to a y2-random variable. This property allows us to build a test of Ho against Hi,
asymptotically of level a. The limit law of T, (6o, 8,) will also be given under the alternative hypothesis
H,. The following additional conditions will be needed for the statement of our results.

(C.4) We have limg_,g, a%im(ﬁ,ul,m) = 0, and there exist M7 > 0 and §; > 0 such that, for all 6 in
some neighborhood of 6y, one has, for i = 1,2,

< er(ui)71.5+61r(u3—i)0.5+617

m(0, ui, uz)=— m(60, u1, uz)co(ur, uz)

where r(u) := u(1 — u) for u € (0,1);
(C.5) There exist a neighborhood N (67) of 67, and functions r; € R such that for all § € N(0r), we have
‘%m(@,ul,ug)‘ < ri(ur)re(ug) with f; {r1(u1)ra(ug)}? dCo, (u1,uz) < oo;

(C.6) There exist functions 7,7 € R, ¢ € Q, ¢ = 1,2 such that ‘m(GT,ul,uQ) < ri(ug)ra(ug),

a%im(e,ul,ug)’ < 7i(ug)rj(uj),i,j7 = 1,2 and @ # j, with [; {r1(u1)ra(u2) Y2 dCy, (u1,up) < oo,
and fI {qi(ui)ﬁ(ui)rj(Uj)}dC’gT(ul,UQ) < 00, i,j = 1,2 and 1 75 j

Theorem 9.2. Assume that conditions C.1-C.4 hold. Then, under the null hypothesis Hg, the statistic
T,, converges in distribution to a x3-random variable (with 1 degree of freedom,).

Theorem 9.3. Assume that conditions C.1-C.83 and C.5-C.6 hold. Then, under the alternative hypothesis
H1, we have /n (% —x2(6o, HT)) converges to a centered normal random variable with variance

0%z = Var [m (0, F1(X1t), F2(Xor)) + Y1(0r, X1) + Ya(0r, X)), (9.21)

where Y;(0r, X;) = f] ]I{Fi(Xi)Sui}aimm(HT,ul,uQ) cop (u1,uz) dujdus.

Remark 9.3. An application of Theorem 9.2, leads to reject the null hypothesis Hg : 07 = 6y, whenever
the value of the statistic T,, evceeds q1—o, namely, the (1 — a)-quantile of the x3-distribution. The test
corresponding to this rejection rule is then, asymptotically of level a, when n — oco. Accordingly, the
critical region is given by CR := {T,, > qi—o}. The fact that this test is consistent follows from Theorem
9.3. Further, this theorem can be used to give an approrimation to the power function Op — [B(fr) :=
Py, {CR} in a similar way to Keziou and Leoni-Aubin (2005) and Keziou and Leoni-Aubin (2008). We
so obtain that
Vn

BOr) ~1— ( (‘h——“ —2(6o, eT))> , (9.22)

T2 2n
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where ® denotes, as usual, the distribution function of N(0,1) standard normal random variable. A useful
consequence of (10.20) is the possibility of computing an approzimate value of the sample size ensuring
a specified power B(0r), with respect to some pre-assigned alternative Op # 0y. Let ngy be the positive root

of the equation
n (qi-a
B=1-0 (UC (q;n - X2(90,9T)>) : (9.23)
X

which can be rewritten as
(a+0b) — +/a(a + 2b)

2X2(007 GT) ’

where a 1= aiz (<I>*1(1 - ﬁ))2 and b := q1_o X*(00,07). The sought-after approvimate value of the sample
size is then given by

(9.24)

nog =

n* = |ng] +1,
where |u| denote the integer part of u.

Remark 9.4. If the parameter 6 does not belong to O, i.e., § € O, — O, the densities cy(-,-), with respect
to the Lebesgue’s measure, associated to Cy(-,-), may become negative on some non negligible subsets of
1. So, in this case

Coy(u1,u2) ::/ co(ur, uz) dA(uy,uz); Yu € I, (9.25)
(0 u1)><(0 u2)

may be a signed measure (and not a copula) for some 6 € ©, —O. Hence, the formula (9.15) may lead to
a value of the estimator 5 belonging to ©, — ©, and the corresponding C'A s not necessarily a copula.
So, for point estimation, the pseudo-mazximum likelihood estimator (restmcted to vary in the admissible
domain) should be used instead of (9.15). The latter estimator may not be meaningful, and is likely to
have a larger mean square error. The main advantage of our formula (9.14), where the supremum is
taken on the extended space O, instead of the admissible domain O, is that it permits easily to build a
test of independence even when the dimension of the parameter space © is larger than one. We can show
that the proposed test statistic, based on the formula (9.14), has a X?l limit law with d = dim(©) degrees
of freedom.

Remark 9.5. The asymptotic variances (9.19) and (9.21) may be consistently estimated respectively by
the sample variances of % m (@H Fin(Xi1k), an(Xg,k)) + Wl(é\n,XLk) + Wg(é\n,ngk), k=1,...,n, and

m (é\rr“Fln(Xl’k),FQn(XQ,k)) + Yl(gn,Xl,k) + }/Q(é\n,XQ’k), k=1,....n, as was done in Genest et al.
(1995). Similarly, the parameter Z in (9.18) may be consistently estimated by the sample mean of

[% m (é\n?Fln(Xl,k)a FQ"(XQ”“))T’ k=1,...,n

9.4 Conclusion and possible developments

We have proposed a new test procedure based on y2-divergence and duality technique in the framework
of parametric copulas. It seems that the procedure introduced here is particularly well adapted to the
boundary problem. For point estimation, the estimator based on y2-divergence when we extend the
parameter space, may not have a meaningful interpretation and most probably has a larger mean square
error. However, Theorem 9.1 may be useful to construct the confidence region for the parameter of
interest in connection with the intersection method (see Feng and McCulloch (1992)) which is easy to
implement, while the asymptotic distribution of the maximum likelihood estimator is difficult to use,
since the limiting distributions are complex when incorporating boundary constraints.

For clarity, our arguments are presented in the bivariate context. Note, however, that a d-variate general-
ization is possible with obvious changes of notation and modification assumptions. We mention that the
popular multivariate Archimedean copulas, Cp(uy, ..., uq) = ¢~ {p(u1) + - -+ + ¢(ug)}, can only admit
positive dependence, so that as long as the independence copula belongs to a given Archimedean family,
fp is on the boundary. Note, also that the proposed test of independence is not omnibus but depends on
the hypothesis that the dependence structure belongs to a certain family.



Chapter 10

A semiparametric likelihood ratio test
to the change point in copula models

In the present Chapter, a semiparametric maximume-likelihood-type test is proposed and
proved to have the same limiting null distribution as the classical parametric likelihood
one. Under some mild conditions, the limiting law of the proposed test statistic, suitably
normalized and centralized, is shown to be double exponential, under the null hypothesis of
no change in the parameter of copula models. The asymptotic distribution of the proposed
statistic under specified alternatives is shown to be normal, and an approximation to the
power function is given. For more detail and proofs, we refer to Bouzebda and Keziou
(2013), where simulation results are provided to illustrate the finite sample performance of
the proposed test statistics.

10.1 Introduction and motivations

Change point models are used in many fields, for instance, archaeology, econometrics, epidemiology,
medicine, reliability and financial applications. For a broader presentation of the field of change-point
analysis along with statistical applications, we refer the reader to the monographs by Brodsky and
Darkhovsky (1993), Csorgé and Horvath (1997), Basseville and Nikiforov (1993) and Chen and Gupta
(2000). As mentioned in Csorgé and Horvath (1988), change point problems have originally arisen in the
context of quality control; see Page (1954, 1955). Interesting applications of change point models in the
analysis of DNA sequences may be found in Fu and Curnow (1990) and Braun and Muller (1998) for the
segmentation of such sequences, in this setting, in general there is multiple changes in the sequences. We
may refer to He and Severini (2010), Déring (2010), Aue and Horvath (2013), Chan et al. (2013) and
Horvéth and Huskova (2012), for more recent references. We start by giving some notation and definitions
that are needed for the forthcoming sections. Consider a random vector X := (Xi,...,X,)" € R,
d > 1, with joint cumulative distribution function [d.f.] F(x) := F(z1,...,24) := P(X < x) :=P(X; <
x1,...,Xq < xq) with continuous marginal d.f.’s Fj(x;) := P(X; < ), for j = 1,...,d. Throughout
the Chapter, we write bold letters for vectors, e.g., x = (z1,... ,ar:d)T is a d-dimensional vector and
x| denotes the transpose of x. Inequalities x < y are understood componentwise, i.e., z; < yj; for all
j =1,...,d. The characterization theorem of Sklar (1959) implies that there exists a unique d-variate
function C(-), such that,

F(x) = C(Fy(z1), ..., Fy(zq)), forall xeR% (10.1)

The function C(-) is called a copula and it is in itself a joint cumulative distribution function on [0, 1]¢
with uniform marginals. Conversely, for any marginal distributions Fi(-), ..., F4(-), and any copula func-
tion C(-), the function C(F}(z1),..., Fi(xq)) is a multivariate distribution function with given marginal
distributions Fi(-),..., Fg(-). In the monographs by Nelsen (2006) and Joe (1997) the reader may find
detailed ingredients of the modelling theory as well as surveys of the commonly used copulas. For in
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depth and overview historical notes, we refer to Schweizer (1991). We can refer also to Sklar (1973),
where the author has sketched the proof of (10.1), developed some of its consequences, and surveyed
some of the work on copulas. Copulas have proved to be a flexible and versatile tool in the analy-
sis of dependency structures. More specifically, copula C(-) “couples” the joint distribution function
F(-) to its univariate marginals, capturing as such the dependence structure between the components
of X = (X1,...,X4)". Indeed, most conventional measures of dependence can be explicitly expressed
in terms of the copula. This feature has led to successful applications in actuarial science and survival
analysis (see e.g. Frees and Valdez (1998), Cui and Sun (2004)). In the literature on risk manage-
ment and, more generally, in mathematical economics and mathematical finance modelling, a number of
illustrations are provided (refer to books of Cherubini et al. (2004) and McNeil et al. (2005)), in par-
ticular, in the context of asset pricing and credit risk management. Many useful multivariate models
for dependence between Xi,..., Xy turn out to be generated by parametric families of copulas of the
form {C(-,0); 6 := (61,...,0,)" € ®}, typically indexed by a vector valued parameter 8 € ©® C R?,
for p > 1, (see e.g. Kimeldorf and Sampson (1975a,b) and Joe (1993) among others). In this frame-
work, semiparametric inference methods, based on pseudo-likelihood, proposed by Oakes (1994), have
been investigated by a number of authors (see e.g. Genest et al. (1995), Shih and Louis (1995), Wang
and Ding (2000), Chen and Fan (2005), Tsukahara (2005), Bouzebda and Keziou (2008, 2010c) and
the references therein), we may refer also to Bouzebda and Keziou (2009, 2010c,a) for semiparametric
estimation based on @-divergences, including as a particular case the semiparametric likelihood estima-
tors. Although the idea of our testing approach follows that in Gombay and Horvéath (1994), we allow
for infinite-dimensional nuisance parameters (marginal distributions) in our proposed test. Hence, our
tests are semiparametric, and the limiting distribution is distribution free. Gombay and Horvath (1994)
have established asymptotic distribution of the likelihood ratio (LR) statistic for parametric models of
copulas with known uniform marginals, their results are not directly applicable here since the two-step
estimation of the semiparametric copula model depends on the estimates of unknown marginal distri-
butions. These results are not only useful in their own right but essential to the construction of our
semiparametric likelihood ratio (SLR) tests. Conventionally, the copula parameter is assumed to remain
constant over time. However, empirical evidence suggests that the dependence structure is likely to vary
due to some financial adjustments and critical social events. To cope with the change point, in the copula
setting, for known marginals, Dias and Embrechts (2004) suggested a change point test for the copula
parameter based on maximum likelihood estimation. Guégan and Zhang (2010) analyzed two types of
copula parameter changes and proposed a test based on generalized likelihood ratio assuming that the
copula family is known a priori. However, neither of these authors have examined in details the theo-
retical properties of the test. In the other hand, in Dias and Embrechts (2004), the problem has been
considered in a parametric framework since the marginals have been assumed uniform. In the present
work, in the derivation of our asymptotic results, we state explicitly the regularity conditions in the most
general form and we give a rigorous proof of asymptotic properties of the test both under the null and
the alternative hypotheses. Here, we deal with testing changes in dependence structures, provided there
is no change-point in the marginal distributions. In the sequel, we assume that C(-,0) admits a density
c(-,0) with respect to v, where v is a o-finite measure on the borel o-field ([0, 1]¢, B([0,1]¢)). In what

follows, we precise the problem that we will treat. Let Xq,...,X,,, be independent random vectors with
values in R? with copula functions C(u, 1), ...,C(u,8,), where u € [0,1]¢ and 8; := (61;,...,0,)" € O,
1 <i <n. We want to test the null hypothesis Hy : 81 = --- = 68,,, against the change-point alternative
that there is k*, 1 < k* < n — 1, such that H; : 8; = -+ = Oy« # O»11 = -+ = 0,. The copula

functions C(-,60,),...,C(-,0,,) have probability densities c(-,01),...,c(-,8,) with respect to v, where
v is a o-finite measure on ([0, 1], B([0,1]9)). If we know when the changes occur in the sample, then
this is simply a two-sample problem. Let, for i = 1,...,p, {;(F,(x),0) := a%ilog{c(Fn(x),H)}, where
F,(x) = (Fin(z1), ..., Fan(24)) T, F(x) := (Fi(21),..., Fa(zq)) ", and for j = 1,...,d, Fj,(-) stands for
n/(n + 1) times the marginal empirical distribution function of the j-th variable X;. We have, namely,
for all x € R,

n

1 .
S Yoow(Xip), j=1,....d, (10.2)

Fin(z) =
n-+1
k=1
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where 1 4 stands for the indicator function of the set A. As usual, the rescaling by the factor n/(n + 1),
avoids difficulties arising from potential unboundedness of log{c(u1,...,uq,0%)}, for k =1,...,n, when
either of u;’s, for i =1,...,d, tends to 1. We need to the following condition to be fulfilled.

(C.1) For each k, 1 < k <n, we can find unique estimators /G\k and En_k, such that,

k
D Ui(Fn(X;),0p) = 0, forall 1<i<p, (10.3)
j=1
> L(FN(X;),0,-) = 0, forall 1<i<p. (10.4)
j=k+1

If the change occurs at k* = k, then we should reject Hg for small value of Ay, where

[T/, e(Fn(X;).0,) |
T15—; c(Fn(X;), 06) [T)—ps1 €(Fn(X;), 0ns)

Since k* is unknown, it is natural to use the maximally selected pseudo-likelihood ratio and reject Ho, if

Ay = (10.5)

Z, = —2log(Ay)), 10.
1;;325_1( og(Ay)) (10.6)

is large. Unless otherwise specified, we will denote the true value of the parameter 6 by 6.

The rest of this Chapter is organized as follows. Section 10.2 establishes the asymptotic properties of the
proposed statistical test Z,,, both under the null and the alternative hypothesis.

10.2 Main results

The following notation is needed for the statement of our forthcoming results. Let ¢(F,(x),0) :=

log{c(F,(x),0)}, and ¢;, ;. (Fp(x),0) := %?ﬁlog{c(Fn(x)ﬁ)}. Let ¥ be the variance-covariance
i1 i

matrix of p-dimensional vector whose ith component is given by ¢;(F1(X1), ..., Fa(Xa), 00)+Z§l:1 Wii(X;),
where W;;(X;) == f[o 14 1{F;(X;) < uj}a%j&(ul, .oy ug, 00) dC(uq, . .., ug, o). In the sequel ||-|| denotes
as usual Euclidian norm. We assume the following regularity conditions.

(C.2) The copula C(u,8y) has partial continuous derivatives with respect to u;
(C.3) (i) For any u € [0,1]%, £(u,8) is a continuous function of 8;
(i) Eg,{supgece [((F(X),0)|} < oo
C4 i) Eg, {¢(F(X),0)} has a unique maximum 6 in the interior of @, O sa , where O is a compact
( 0 y
subset of RP;
(ii) The p x p-matrix I(6¢), with entries I;; := —Eg, {£;;(F(X), 80)}, is positive definite matrix
and X is positive definite;
C.5) For all i = 1,...,p, for all j = 1,...,d, -2-4;(u,0) is well defined and continuous in u =
ou
J
(u, ... uq) " € (0,1)%
C.6 i) We have ||£;(u, 08y)|| < constant x C-l: u; (1 —u;)} % for some a; > 0, such that
J =1
Eo, {TIL {F(X0)(1 — Fi(X0))} 2} < oo

(ii) We have Ha%jﬁi(u, 9())” < constant x {u;(1—u;)%} Hle’i#j{ui(l—ui)}*ai for some b; > a; > 0,

such that, Eg, {{Fj(Xj)(l — Fi(X;)) )5t H?:L#]-{Fi(Xi)(l - Fi(Xi))}*Z‘“} < o0, for some
£ €(0,1/2).
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(C.7) There is a function M(-), such that, for all u € [0,1]¢ and 8 € ©, |ijk(u,0)] < M(u) and
Eg, {M(F(X))} < oc.

Remark 10.1. Csdrgd and Horvath (1997) have mentioned that there are cases where we cannot find
unique mazximum likelihood estimators for each 1 < k < n if we have only few observations. Instead of
(C.1), we can assume, according to Csorgd and Horvath (1997), the following condition

(C'.1) There is a constant ko such that we can find unique estimatol“:s /ék, and /O\H_k forall kg <k < n— ko
such that (10.3) and (10.4) hold. Also, we can find unique 0y, such that, 7%_, t;(Fn(X;),0,) =
0, foralll <i<p.

Recall the definitions of the sets of functions @ and R, given in Definition 8.1.

Remark 10.2. Condition (C.6) above is usual in the copula setting and is the same that used in (Ruym-
gaart, 1974, Theorem 2.1), see also (Ruymgaart et al., 1972, Theorem 2.1), (Genest et al., 1995, Proposi-
tion A.1(i1)), (Tsukahara, 2005, Proposition 3). Condition (C.6) allows the score function and its partial
derivatives with respect to the first d arguments to blow up at the boundaries, which occur for many
popular copula functions such as the Gaussian copula, t-copula and Clayton copula. Using the preceding
definition, condition (C.6) may be written in the most general form as follows:

(C'.6) There exist r;(-) € R, 75(-) € R and q(-) € Q with ||{;(u,0)| < H‘ij:l i), ’

2 4(u, eg)H <

u;
2

(i) T i ()s S {TI 1 miCu) | dC(u,80) < o0, [ {auCu)Fi (i) Ty 7(us) b dC(u,60) <

oo, fori=1,...,d.
Let 1

a(t) :== (2logt)"/?  and by(t) :=2logt + iplog logt —logT’ (g) , (10.7)

where T'(t) := [;° y'~ exp(—y) dy is the Gamma function.
The main result may now be stated precisely as follows.

Theorem 10.1. Assume that the conditions (C.1 —7) hold. Then, under the null hypothesis Ho, for all
t, we have

nlLIEOP {a(log n)ZY? <t + b,(log n)} = exp(—2exp(—t)). (10.8)
Remark 10.3. One can replace condition (C.7) by the following one.
(C'.7) (i) For every (u1,...,uq), 4ij(ui,...,uq, @) is a continuous function of 0 in neighborhood of 8y;
(ii) For some 6 > 0, we have Eg, { Gi(F (X)), ..., Fy(X4q),00) + Z;i:l VVL’]’(X]')‘QJF&} < 00,1 =
1,...,p.

Remark 10.4. Note that the proof techniques of our Theorem 10.1 are largely inspired from those of
Gombay and Horvath (1994) and changes have been made in order to adapt them to our semiparametric
PUTPOSE.

Remark 10.5. (Test 1). Based on the above theorem, we propose the following test of level a € [0, 1].
Denote by [aq, ba] the optimal dispersion interval of order (1 —«) of the double exponential distribution in
(10.8), i.e., the shortest one that satisfies P(Z € [aq,ba]) = 1—a, where Z is a double exponential random
variable. We reject the null hypothesis Ho, if the statistic Sy := a(log n)Z}/2 — bp(logn) & [an,ba]. The
critical region is, accordingly, given by RCy, := {Sy, & [aa,ba]}. This leads, obviously, to a test of the null
hypothesis Ho, asymptotically of level a, by the above theorem.

Remark 10.6. As it has been observed by (Csdrgd and Horvdth, 1997, p. 23) in the context of parametric
models of probability densities, simulation results, at section in our paper Bouzebda and Keziou (2013),
show that the rate of convergence in (10.8) is very slow. In fact the convergence of the nominal level
(computed by Monte-Carlo simulations) to the asymptotic level v is very slow. This leads to a conservative
test. Hence, we need very large samples if we want to use the proposed test 1, in Remark 10.5. In the
subsection below, we give a gaussian approximation to the likelihood ratio statistic Z,, which turns out
to be better than the above double exponential one.
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10.2.1 Gaussian approximation

Following Vostrikova (1983), Gombay (1996) and Gombay and Horvath (1996b), we define the likelihood
ratio process
Viu(t) = =2log A|(nq1y), for 1/(n+1) <t <n/(n+1), (10.9)

where |u| < u < [u] 4+ 1 denotes the integer part of u. Here it is assumed that V,(t) =0, if 0 <t <
1/(n+1) and V,(t) = 0,if n/(n+1) <t < 1. Let {B;(t),0 <t <1}, 1 < i < p, be independent
Brownian bridges and define B(®) := = 1<i<p B 2(t).

Theorem 10.2. Assume that the conditions (C. ) (C'.7) hold. Then, under the null hypothesis Hg, we
can find a sequence of stochastic pmcesses {B ( ),0 < t < 1} such that the following distributional
identity holds {Bnp)( t),0<t<1} 4 {B@)(t),0 <t <1}, for each n,

n(t) = BO@)/(t(1 — 1))] = 0p(1) (10.10)

n

n sup (1 —1¢)“
A/n<t<l-A/n

for all A >0 and 0 <o <1/2—1/4, and supg<;<; )t(l —t)Vy, — B,(Lp)(t)’ = op (n1/5_1/2) .

Let 9 (+) be a positive function on (0, 1) increasing in a neighborhood of zero and decreasing in a neigh-
borhood of one. Define the function

! e’ (s
I(,€) := /0 (s(1 —s))Lexp <_3(1f—< 2)> ds, (10.11)

where € > 0. The following results are the analogue of those in Theorems 1.3 and 1.4 of Gombay and
Horvéth (1996b).

Theorem 10.3. Assume that the conditions (C.1)-(C'.7) and Ho hold.

(i) We can define a sequence of stochastic processes {Bép) (t),0 <t <1}, such that
SUPp<<1 ‘t(l —t)V,, — By(Lp)(t) J2(t) = op (1), if and only if (1, €) < oo for all € > 0.

(i) 1(v),€) < 0o for some € > 0 if and only if the following convergence in distribution holds

sup [0 =Vl /02(0) % swp ’B Do) 030, (10.12)

It is clear that (10.10) yields ‘Z,l/Q — supl/ngtgl_l/n(B,(Lp) (t)/(t(1 — t)))l/Q‘ = Op(1). It will be of interest
to give the rate of convergence in the last statement in the similar way as in Theorem 2.2 of Gombay
and Horvath (1996b) and Theorem 1.3.2. in Csorgé and Horvath (1997). The following theorem gives
the rate of convergence.

Theorem 10.4. Assume that the conditions (C.1)-(C".7) and Hgy hold. Then

Z,*—  suw  (BP®)/(t1 1)

= op (exp(—logn)'¢), (10.13)
1/n<t<1-1/n

for all 0 < e < 1, where {ng)(t),o <t < 1} is defined in Theorem 10.2. Let h(n) > 1/n, l(n) > 1/n
satisfying limsup n(h(n) +1(n)) exp(—(logn)'=¢") < oo, for some 0 < e* < 1. Then we have

n—o0

Z,*—  swp  (BP(®)/(H(1 1)

g = op (exp(— log n)l_a) , forall0 <e < €. (10.14)
h(n)<t<1-—I(n)

The proof of this theorem follows the same lines of that of (Gombay and Horvath, 1996b, Theorem 2.2
and Theorem 3.1, see pp. 149-151) or (Csorgé and Horvath, 1997, Theorem 1.3.2, see the proof page 24).
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Remark 10.7. (Test 2). There is no known explicit formula for the distribution function of the random
variable Z(h,l) := suph(n)gtgl_l(n)(B,(Zp)(t)/(t(l — t))Y2. In [(Csérgd and Horvdth, 1997, p. 25) and
(Vostrikova, 1981, eq. (6))], we can find the following approximation

xP exp(—x? — — — —
P(Z(h,1) > z) ~ M <log(1h})d(1l) - :i;log(lhzl(ll) + % +0 <;4)> (10.15)

as © — 00, for any 0 < h <1 < 1. We use this approzimation to compute the quantiles qo(h,l) of order
a of the random variable Z(h,1), namely, the real numbers satisfying P (Z(h,l) > qa(h,1)) = a. In view

of the above theorem, we propose to reject the null hypothesis Hy when Z}L/2 > qo(h, 1), which leads to a
test of Ho against Hi with asymptotic level equals to a. The critical region is, accordingly, given by

RC, = {z}/2 > ga(h, 5)}. (10.16)

Simulation results show that the choice h(n) = I(n) = (logn)3/?/n gives good rate of convergence of the
nominal level (computed by Monte-Carlo simulation) to the asymptotic level o, as it has been observed, in
a simulation study, by Dias and Embrechts (2004) for the Gumbel copula with known uniform marginals.

10.3 The asymptotic distribution of the SLR statistic under the al-
ternative hypothesis

We now describe the limiting behavior of the statistic Z,, in (10.6), under the alternative hypothesis, that
there exists k*, 1 < k* <n,suchthat H; : 1 =+-- =0+ # Op»11 =--- = 0,,. Let oM =0, =...= 0.«
and 02 = Oix41 = - - - = 0, denote, respectively, the values of the parameter before and after the change.
We will make use of the, so called, modified Kullback-Leibler divergence between probability measures.
This quantity is defined by setting K L, (Q, P) :== [, ¢ (Z—g(a:)) dP(x), where here, Q and P denote two
probability measures on a same o-field (X, B), with @) < P, absolutely continuous with respect to P,
and where we set p(z) := —logx + x — 1 for all x > 0. Note that KL,,(Q, P) > 0 is nonnegative, and
becomes equal to 0, if and only if @ = P. In the following, we will use the notation KL,,(Cq,,Cq,), to
denote the K Ly,-divergence between the two measures of probability, on ([0,1]¢, B([0,1]%)), induced by
the copulas C(-, 1) and C(+, a2). Let C,,(-) denote the empirical copula associated to the data, i.e.,

n d
1
Ca(u) = — S T rx,0<0;y, for ue (0,14 (10.17)
i=1 j=1

Let Cg(-) be the empirical copula based on the first &k observations and let C,,_(-) denote the empirical
copula based on the last n — k observations, namely,

k d n—k d
1 1
Ck(u) = E E H 11{an(in)§%‘}’ (Cn_k(u) = n—Fk E H ﬂ{an(ij‘)SUj}’ for all ue [0, 1]d.
i=1j=1 i=1 j=1

Note that the marginals are estimated using the whole data. In the sequel, we will use the following
additional assumptions.

(C.8) k* = k*(n), 0 < limy_o0 k*(n)/n = A < 1 and 81, 03 are fixed elements in the interior of ©;

(C.9) 0" := arginfgce KLy, (Cg, ACyy + (1 — )\)Ce(z)) exists, is unique and interior point of @.

Recalling the definition Ay in (10.5), we observe that = log Ay« can be rewritten into

-1 log Ap» = _& log cu, fn) dCp+(u) — (n—k)/ log Lﬁn) dC,,—i+(u)
n n Jio,1)4 c(u, 6y) n 0,14  c(u,0,_k)
i log S:9) 4o ) — g P K / log S9) 4o ),
[0,1]¢

0c® n Jjo )4 c(u,0) 6c® n
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which, under some suitably regularity conditions, converges in probability to the non-random quantity

* *
= <)\, 0*,9<1>,0<2>) = — inf )\/ log ) e, 00) — inf (1 - )\)/ log 9 ey, 92
0cO [071]d C(u, 0) 0O [071}d C(u, 0)
*
- —)\/ logMdC(u, oy — (1 )\)/ 1ogc(u’792*)d<(:(u, 02)
0,14  c(u, 0( )) 0,14  c(u, 0 )
=1 AKLpy(Co+,Cyy) + (1 = A)K L1y (Copr, Cyz) ). (10.18)

At this point we may refer to (Broniatowski and Keziou, 2006, Theorem 4.4) and (Bouzebda and Keziou,
2010a, Theorem 4.2) for a general proof of the above convergence in the case of divergences in different
frameworks. By (10.18), we can see that _71 log A; can be interpreted as an empirical version of the
mixture of K L,, divergences,

= <)\, 0+, 00, 9@)) = AK Ly (Cg+,Cp)) + (1 — A)K Ln(Co+, Cyia)).

This observation and the above heuristic arguments allow us to give a description of the limiting behavior
of Z,,, under the alternative hypothesis ;. We will use the following additional conditions.

(C.10) We have f[o 1) |he(B9,u)|* dC(u, By) < oo, for £ = 1,2, where hy is defined by
c(u,0
he(0,u) := —log {C(iew%) } .

(C.11) (i) We have, for ¢ = 1,2, Ha%jhg(&u)H < constant x Hle{ui(l —u;)}~% for some a; > 0, such
that Eg, { [T, {F/(X:)(1 — Fi(X:)} 2 | < ooy
(ii) We have, for ¢ = 1,2, %;ujhg(e, u)H < constant x {u;(1 —u;)%} H?:L#j{ui(l —u;)} % for

some b; > a; > 0, s.t. Eg, {{Fj(Xj)(l — Fj(X)) 570 [T o {F(Xa) (1 = Fz‘(Xz'))}_Q“i} <
oo, for some &; € (0,1/2).

Our result concerning this problem is stated in the theorem below.

Theorem 10.5. Let the conditions (C.1-11) be fulfilled. Then, under the alternative hypothesis Hi, we
have, as n — oo, \/n (% log A« — Z(N, 6%, oW, 0(2))) LS N(0,02), a centered normal distribution with

variance equal to o2 .= g2 ()\, 0~ 0(1)7 0(2)) =

2
* 9 %
—var { S [ mi(o ,F(X))+Z/{ (6%, W1 (x, )< AC(w, 8) (10.19)
i=1 j=1

where, A\ := X and Ay :=1— \.

The proof of this theorem follows the same lines of that of (Bouzebda and Keziou, 2010a, Theorem 4.2).
The following corollary is a consequence of Theorem 10.5 and the use of the fact that k, —k*(n) = Op(1)
under suitably conditions.

Corollary 10.1. Let the conditions (C.1-11) be fulfilled. Then, under the alternative hypothesis Hi, we

have, as n — 0o, W% (g—g — E(/\,B*,B(l),B(Q))> A N(0,1).
Notice that Gombay (1997) was established the asymptotic distribution of the likelihood ratio under
noncontiguous alternatives for the exponential family of distributions. In Theorem 1.5.1. of Csorgé and
Horvéth (1997), the asymptotic distribution of the likelihood ratio was obtained under condition similar
to condition (C.8) and also for the exponential family of distributions, we may refer also to Theorem
1.3 of Gombay and Horvath (1996a). Our results cover the general case since there is no assumption on
the form of ¢(-,8p). We mention also our methodology for deriving the limiting distribution under the
alternatives is quite different from those used in the preceding cited references.
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10.3.1 Approximation of the power function of the test 2

Corollary 10.1 can be used to give an approximation to the power function (8,03) — g(6(1),9(2)) .=
Py, <Z1/2 > qq(h, l)) of the test 2 introduced in remark 10.7. We so obtain, for any fixed 8 = §(2) in

the interior of ©, the following approximation of the power

BOM, D)1 — @ vn (4a(h, )* _E ()\ 6*,60) o<2>) (10.20)
’ 7 (167 .00,09) \ 20 ’

where ® denotes, as usual, the distribution function of an N(0, 1) standard normal random variable, and
o (/):, 0*,00), 0(2)) and = (X, 0*, 00, 0(2)) are, respectively, the empirical versions of the parameters
o ()\,0*,0(1),0(2)) and = ()\,0*,0(1),0(2)> where X := £ and

6" := argmaxoco fiylog (¢(u,8,)) d (AC; () +(1- )T, 3 (). Hence, £(X,67,61,6®) is
the sample mean of

¢ (Fn(Xj),E?) | ~ c (F (Xj),él) o
~nlog - (7,00 L, ) = (1= An) log (5,%,).07) LgstmpU) i =1,

and 72 (/):, é;, 0(1), 0(2)) is the sample variance of
Fn <h1 (9* ) Z W (9* (X ))) Ly a0+

(1 — Fn) <h2 (9*,Fn(xj)) + zd: W (6?, Fn(xj))> Loy ) i=1n,

m=1

where " (é;, Fn(Xj)> = f[o 1) 8um (9 u) LiE, (X ) <umydC(u, 09), i=1,2,m=1,....d

A useful consequence of (10.20) is the obtaining of an approximate value of the minimal sample size
ensuring a specified power § := B( 0(2)), with respect to some pre-assigned alternative H;. Let ng
be the positive root of the equation

5 (Xﬁ;, 9(1)’0(2)) n , 07,007, . )

The sought-after approximate value of the sample size is then given by n* := |ng| + 1, where |ng] is the
integer par of ng.

10.4 Concluding remarks and directions for future research

We have considered the statistical test for the change point problem in the semiparametric copula models.
The test is based on pseudo-likelihood ratio and the limiting distributions are characterized under both
the null and alternative hypotheses. An other alternative to the present proposed test, is to define, in
a semiparametric context with finite or infinite dimension, test statistics based on the estimates of (-
divergences in tow-samples semiparametric density ratio models (for the ratio joint distribution/product
distribution of marginals), see Keziou and Leoni-Aubin (2008) and Keziou and Regnault (2015), or more
generally for the change point problem in distributions. The problem of multiple change point can be
investigated using our proposed estimates of multivariate -divergences in multi-sample density ratio
models; see Keziou (2015). These developments will be investigated in future works.



Chapter 11

Other contribution : ICA and BSS using
divergences and copulas

We present in this Chapter our contribution in ICA, and Blind sources separation of (free-
noise or noised) mixtures of independent /dependent sources, using ¢-divergences and cop-
ulas.

In Keziou et al. (2008); Ould Mohamed et al. (2010), we have proposed BSS criterion
for free-noise mixtures of second order cyclo-stationnary independent sources (with known
and different cyclic frequencies). This work is a part of the PhD thesis of S. M. Ould
Mohamed, see Ould Mohamed (2010), that I have supervised at 50%. The method results
from the spectral analysis; it is based on the use of the second order cyclostationary char-
acteristics of the source signals. The theoretical results are presented and proved in Keziou
et al. (2008); Ould Mohamed et al. (2010), and the simulation results show a good per-
formance of the proposed method in comparison with Sobi, CycloSobi and Jade algorithms.

In our paper El Rhabi et al. (2013), we have considered the BSS problem for noised mix-
tures of independent sources. We have proposed a new methodology in order to enhance
separation performances in terms of efficiency and robustness. Our approach consists in
denoising the observed signals through the minimization of their total variation, and then
minimizing divergence separation criteria (between probability densities) combined with
the total variation of the estimated source signals. We have showed by the way that the
method leads to some projection problems that are solved by means of projected gradient
algorithms. The efficiency and robustness of the proposed algorithm using Hellinger and
Kullback-Leibler divergences, are illustrated and compared with the classical mutual infor-
mation approach, through numerical simulations; see El Rhabi et al. (2013).

In Keziou et al. (2014), we have considered BSS problem for free-noise mixtures of inde-
pendent /dependent sources. We have introduced a new blind source separation approach,
based on minimization of Kullback-Leibler divergence between copula densities, for both
independent or dependent source component signals. This work is a part of the PhD thesis
of A. Ghazdali, see Ghazdali (2015), that I have supervised at 50%. In the classical case
of independent source components, the proposed method generalizes the mutual informa-
tion (between probability densities) procedure. Moreover, it has the great advantage to
be naturally extensible to separate mixtures of dependent source components. Simulation
results shows the convergence and the efficiency of the proposed algorithms, see Keziou
et al. (2014).

In our paper Ghazdali et al. (2017), we have considered the BSS problem in the case
of noised mixtures of independent/dependent sources. We have introduced a new method
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for Blind Source Separation (BSS) in noisy instantaneous mixtures of both independent or
dependent source component signals. The proposed approach is based on the minimization
of a regularized criterion. Precisely, it consists in combining the total variation method for
denoising with the Kullback-Leibler divergence between copula densities. This latter takes
advantage of the copula to model the structure of the dependence between signal compo-
nents. The obtained algorithm achieves separation in a noisy context where standard BSS
methods fail. The efficiency and robustness of the proposed approach are illustrated by
numerical simulations; for more detail we refer to Ghazdali et al. (2017). We limit our
self to present hereafter the main results of only the paper Ghazdali et al. (2017), since it
treats the more general case and uses our previous works El Rhabi et al. (2013), Keziou
et al. (2014).

11.1 Introduction

The blind source separation (BSS) problem is a fundamental issue in applications of many different fields
such as signal and image processing, biological and medical data analysis, communications, etc. The
BSS aims to recover unknown source signals from a set of observations which are unknown mixtures
of source signals. In order to separate the mixtures, different assumptions on the mixture and on the
sources have to be made. In the literature, the most common assumptions are the linearity of the mix-
tures and the statistical independence of the source components and the condition that at most one of
the components is gaussian. Under these assumptions, the BSS problem is linked to the well known
problem of Independent Component Analysis (ICA), see e.g. Comon (1994). Using the above conditions,
particularly, for noise-free mixtures, many methods of BSS have been proposed in the literature, see
e.g. Mansour and Jutten (1996); Taleb and Jutten (1997); Hyvérinen and Oja (1997); Pham (2000).
Some of these procedures use second or higher order statistics Belouchrani et al. (1997); Pesquet and
Moreau (2001), maximize likelihood Cardoso (1998), maximize nongaussianity Novey and Adali (2005),
minimize the mutual information Pham (2002) or ¢-divergences Keziou et al. (2009). An interesting
overview on the subject can be found in Comon and Jutten (2010). Recently, under the assumption that
the source components are independent, based on estimation of mutual information and total variation
(TV) regularization, El Rhabi et al. (2013) provided a new BSS algorithm to separate noisy mixtures of
instantaneous or covolutive mixtures of independent source components. Further, it has been shown in
Keziou et al. (2014) that, based on copula models, without the assumption of independence of the source
components, we can still identify both mixing matrix and sources uniquely (up to scale and permuta-
tion indeterminacies) of (noise-free) mixtures of both independent and dependent source components.
Motivated by various applications, we investigate, in the present Chapter, models of noisy linear instan-
taneous mixtures of independent/dependent sources, for which we propose, based on our previews works
El Rhabi et al. (2013) and Keziou et al. (2014), a new BSS procedure. We successfully combined the
two methods of El Rhabi et al. (2013) and Keziou et al. (2014) to obtain a new BSS algorithm able
to separate noisy mixtures of independent/dependent source components. Our methodology consists in
denoising the observed signals through the minimization of their total variation, and then minimizing
Kullback-Leibler divergence, between copula densities, penalized by the total variation of the estimated
source signals. The outline of this Chapter is organized as follows. In Section 11.2, we state the BSS
problem in a noisy mixture context. In Section 11.3, we give a brief introduction on copulas and some
of their main properties. In Section 11.4, we describe our approach. Section 11.5 presents how to imple-
ment the proposed approach using both numerical and statistical techniques. Section 6 in Ghazdali et al.
(2017) gives some numerical results, illustrating the efficiency and robustness of our proposed method.
Conclusions and possible developments are drawn in Section 11.6.
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11.2 The BSS model

11.2.1 BSS model in the noise-free case

BSS problem can be modeled as follows. Denoting A[-] the (unknown) mixing operator, the relationship
between the observed and source signals can be written as

z(t) == Als(t)] € R™, (11.1)

where s(t) € R™ is the unknown vector of source signals to be estimated, and x(t) represents the observed
signal vector at time ¢ € [0,T]. The goal of BSS, is therefore to estimate the unknown sources s(¢) from
the observed mixtures @ (¢). The estimation is performed with no prior information about either the
sources or the mixing operator Al-]. Specific restrictions are made on both the mixing model and the
source signals in order to limit the generality. We will restrict our self to the case where the number of
source components and the number of observed mixture ones are equal, and we assume, in the present
Chapter, that the mixtures are linear and instantaneous, so that the mixing operator A can be considered
as a m X m matrix. In this case, supposing in addition that A is invertible, the candidate estimates of
the sources will be obviously of the form

y(t) =B x(t) e R™, t € [0,T], (11.2)

where B € R™*™ represents an appropriate demixing matrix. In other words, the problem is to obtain
an estimate, denote it B, “closing” as much as possible to the (unknown) ideal solution B = A~! by the
use of only the observed vector signal x(t), leading to accurate estimate $(¢) of the source vector signal

s(t), R
5(t) == Bx(t) e R™, t € [0,T)]. (11.3)
11.2.2 BSS model for noisy mixtures

We will focus on the BSS problem for noisy linear instantaneous mixtures
Z(t) .= As(t)+n(t) e R", t€[0,T], (11.4)

where (t) € R™ is the vector of noisy observations, s(t) € R™ is the unknown vector of sources to be
estimated, n(t) € R™ is the (unknown) noise vector, and A € R™*™ is the unknown mixing m X m-
matrix. We assume that the source signal s(t) and the noise n(t) are statistically independent. The
mixing model (11.4) can also be written as

T(t) = 2(t) + n(t), (11.5)

where

z(t) = As(t) (11.6)

is the inaccessible noise-free mixed vector signals. The aim here, is to estimate the sources s(t) using
only the observed noisy signal ©(t). The presence of noise n(t) within the mixing model (11.4), as well as
the possible dependency structure of the source components, complicate significantly the BSS problem.
Unlike the above case of free-noise mixtures, see Subsection 11.2.1, the separating system of the form

§(t) == BE(t) (11.7)

does not provide a valid estimation for the source signals s(-). In fact, the obtained signals according to
the above system, can be written as

y(t):=Bx(t) = Bax(t)+ Bn(t)
=: y(t) +7n(t), (11.8)
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where y(t) € R™ is the “noisy estimate” of s(t). That is the noisy estimated source y(t) is the sum of
y(t) := Bx(t) (11.9)
the “noisy-free” estimate of the sources, which is not feasible, and the unknown “noise”
n(t) := Bn(t). (11.10)

Ideally, we would like to retrieve y(t) by denoising gy(¢), but it is rather difficult since the noise 7 (t) is in
turn unknown. During last years, several algorithms have been proposed to tackle the noisy BSS problem;
In Sahmoudi et al. (2006), the authors proposed a two-step approach by combining the fractional lower
order statistics for the mixing matrix estimation and minimum entropy criterion for noise-free source
components estimation with gradient-based BSS algorithms. In Belouchrani and Cichocki (2000), a
whitening procedure is proposed to reduce the noise effect. At our knowledge, the noisy BSS problem for
possibly dependent sources has not been considered in the literature. In Keziou et al. (2014), the authors
proposed a new criterion to successfully separate noise-free mixtures of both independent and dependent
sources, based on estimation of Kullback-Leibler divergence between copula densities. El Rhabi et al.
(2013) provides a BSS procedure for noisy mixtures using TV-regularization of p-mutual information,
which applies exclusively under the assumption that the source components are independent. Based on
these two last works, the present Chapter introduces a new procedure for estimating sources in the context
of noisy mixtures of possibly dependent source components. It proceeds on two stages : (i) denoising
the observed signal Z(t) before demixing; (ii) a simultaneous BSS-denoisy procedure via minimizing a
TV-regularized measure between copula densities.

11.3 Brief recall on copula

When modeling multivariate distributions, one has to take into account the effects of the marginal
distributions as well as the dependence between them. This can be achieved by using the copula ap-
proach, which allows to deal with the margins and the dependency structure separately. The concept
of copulas was introduced by Sklar (1959) as a function which couples a joint distribution function
with its univariate margins. Copula is considered as a multivariate distribution function on the unit
cube [0,1]P, with uniformly distributed marginals. Precisely, it can be presented as follows. Con-
sider any random vector Y := (Y1,...,Y;,)" € R™ m > 2, with joint distribution function (d.f.)
Fy(:) :y € R" = Fy(y) == Fy(Wwi,---sym) := P(Y1 < y1,...,Yn < ym), and continuous marginal
d.f’s Fy,(-) 1 y; € R = Fy,(y;) == P(Y; < y;), Vj = 1,...,m. The characterization theorem of Sklar
(1959) shows that there exists a unique m-variate function Cy(-) : [0,1]™ — [0, 1], such that, Fy(y) =
Cy(Fy,(v1), -, Fy,,(Yym)), ¥y := (Y1,--.,ym)" € R™. The function Cy(-) is called a copula, and it is
in itself a joint d.f. on [0,1]™, with uniform margins. We have Vu := (uy,...,u,)" € [0,1]", Cy(u) =
P(Fy,(Y1) <wui,..., Fy, (Ym) < uy). Conversely, for any marginal d.f.’s Fi(-),..., Fy,(-), and copula
C(+), the function C(Fi(), ..., Fin(-)) is a multivariate d.f. on R™. On the other hand, since the marginal

d.f’s Fy,(-), j = 1,...,m, are assumed to be continuous, the random variables Uy := Fy, (Y1),...,Up :=
Fy,,(Y,,) are uniformly distributed on the interval [0, 1], and the distribution function of the random vec-
tor U := (Uy,...,Uy,)" €[0,1]™ is a copula. Moreover, we have that the components Y7,. .., Y, are sta-

tistically independent if and only if (iff) the copula Cy (-) of the random vector Y := (Y3,...,Y;,)" € R™
writes Cy (u) = [[;L, u; = Cy(u), Yu € [0,1]™, which will be denoted Cy(-); It is called the copula

of independence. Define, when it exists, the copula density cy(u) := %, Vu € [0,1]™. Hence, the
copula density of independence, denote it cpy(-), is the function taking the value 1 on [0,1]™ and zero

otherwise, namely,
crp(u) :=Tpggpm(u), VYue[0,1]™. (11.11)

Let fy(-), if it exists, be the probability density of the random vector Y := (Y7,...,Y;,)", and, respec-
tively, fy;(*),..., fy,,(-) € R™, the marginal probability densities of the random variables Yi,...,Yy,.
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Then, a straightforward computation shows that, for all vector y := (y1,...,ym)' € R™, we have the
relation

m
) = ey (Fy(n1), - Fy () T v, (02)- (11.12)
j=1
In the literature, many models have been proposed for copulas. An important class of those models is
that of semiparametric copula models, which has been widely used in survival analysis, where modeling
and estimating the dependency structure, between survival variables, are fundamental problems. Models
of this class are based on parametric copulas C(-, @), indexed by a parameter § € © C R?, with nonpara-
metric margins. For more details on modeling theory as well as surveys of the commonly semiparametric
used copulas, we can refer to Nelsen (2006); Joe (1997).

11.4 A combined TV-Copula approach for BSS

Our TV-Copula approach for BSS proceeds in two steps. (i) uses the TV regularization technique for
denoising the observed signals. (ii) separates the mixtures by minimizing Kullback-Leibler divergence
between copulas, penalized by a TV-regularization term. In the following, we describe these two steps.

11.4.1 Setp 1 : Denoising the observed signals
As in El Rhabi et al. (2013), we would obtain the denoised mixture signal

z(t) = (x1(t), ..., zm(®)T, te[0,T], (11.13)

from the (noisy) observed one Z(t), see (11.4), by means of the following variational minimization problem

wi EXe 2

T T
24() = arg min {;/O L ity - 7:(0))? dt+)\;/0 6 (w)()) dt},z’: Lom, (1114)

where A > 0 is the parameter of penalization, ¢(-) : Ry — R4 is a well chosen function, w}(t) is the first
derivative of the signal w;(t) with respect to time ¢, and X, is some appropriate space of real functions
on [0,T]. In practice, in order to reduce the noise, the function ¢(-) is chosen to encourage smoothing in
regions where the variations of the signal are weak, that is w) ~ 0, and to preserve discontinuities where w;
is strong. The total variation case corresponds to the choice ¢(x) = |x|, which will be adopted here. One
can make other choices like ¢(z) = v/1+ x2. A natural space when dealing with the above continuous
variational problem (11.14), with ¢(z) = |z|, is X. = BV (]0,T]), the space of all real valued functions on
the interval [0,7] with bounded variation; see e.g. Evans and Gariepy (1992) and Cohen et al. (2003).
Here T is the observation time of the signals. The mathematical treatment of the above problem, in its
continuous form, is beyond the scope of this Chapter. We will consider only the corresponding discrete
version which will be described in Subsection 11.5.1 below.

11.4.2 Step 2 : BSS via minimizing TV-regularized KL-divergence between copulas

The aim of the following step is to construct an estimated source signal 3(¢) := B x(t) from the denoised
signal x(t) := (x1(t),..., 2, (t))" obtained as solution of (11.14). Our approach consists in minimizing,
with respect to B on the demixing matrices space, an estimate (to be defined below) with some criterion
of the form

B s J(B) = Tuup(B) + Fees(v). (11.15)

where y(t) := Bx(t) € R™, and z(t) = (z1(t),...,zm(t))" € R™ is obtained from (11.14); Jsep(+) is some
separating criterion, while Jieq(¥y) is a regularization term devoted to denoising. For the denoising phase,
for both cases, of independent or dependent source components, we propose to use as regularization term
the following one

1 T

g7reg(y) =7 ﬁ 0

_ I
Hmw—mwﬁﬁ+uTA Ty () dt, v > 0, > 0, (11.16)
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where y = B T; the real numbers v and p are regularization parameters to be suitably chosen by the user.
In the above display, || - || is used to denote the Euclidian norm on R™, and |[Vy(t)| := >/, |yi(t)], for all
t. The first term Jeep(-), in (11.15), is a measure of dependence, or similarity between copula densities. Its
form depends on the fact that the source components are independent or dependent. Hence, to describe
the criterion Jsep(+), we will consider separately, the case where the source components are independent
and the case where they are dependent. First, we will consider the following stochastic modeling of the
continuous time signals s(t), x(t) and y(t) := Bx(t), t € [0,7]. We assume that the above last random
processes are stationary, so that the corresponding sampled versions, with certain time period, say T¢,

s(n) := s(nT,), (n) := x(n1.) and y(n) := y(nle) = Bx(n),n=1,..., N, (11.17)
can be considered as realizations of random vectors in R, which will be denoted
S, X and Y :=BX, (11.18)

respectively. It has been shown, in Keziou et al. (2014), for the noisy-free mixtures case, that if we
dispose of some prior information about the copula density of the random source vector S, one can
detect, under some assumptions, both the mixing matrix and the sources uniquely (up to scale and
permutation indeterminacies) for both cases of independent or dependent source components. Denote by

the joint distribution function of the random vector Y := (Y1,...,Y;,)" € R™, with continuous marginal
distribution functions Fy,(-) : v € R — Fy,(y;) = P(Y; < w;), Vi = 1,...,m. Let, if it exists, fy(-) be
the probability density of the random vector Y, and, respectively, fy,,..., fy,,, the marginal probability
densities of the components Y7, ...,Y,,. The mutual information (MI) of Y is defined by

= N 4 ) (100 YY)
1) s= [ tos g s v (v dy = 2 <l ST, fnm)) (11.20)

which equals the Kullback-Leibler divergence, denote it K(-,), between the joint density fy (-) and the
product density [[\"; fv;(-) of the margins fy,(-), ¢ =1...,m, that is

I(Y) =K (f%Hfm) : (11.21)
i1

In (11.20), E(-) is the mathematical expectation. Note also that the above criterion I(Y") is nonnegative
m

and achieves its minimum value zero iff fy(-) = [] fv;(+), i.e., iff the components of the vector Y are
i=1

statistically independent. We give now, the form of the separating term Jsep(-) of the criterion (11.15).

The case of independent source components

Assume that the source components are independent. Using the relation (11.12), and applying the
change variable formula for multiple integrals, one can show that I(Y") can be written, in terms of copula
densities, as follows

Iy) = /[0 - log (cy (u)) cy (u) du = E (log cy (Fy, (Y1), ..., Fy, (Yn))) = —H(cy)

_ /[0 o8 <CY(“)> ey (w) du = /[O s (Z;E;‘;) ey (u) du

1
_ o ey Fyy(V1), ..o, Fy,, (Ym))\ L
B E<l gcH(Fyl(Yl),...,Fym(Ym))> =K (ev.en). (11.22)

where cy () is the copula density of Y, cpp(-) := L m(-) is the copula density of independence, and
E(-) the mathematical expectation operator. The above equations mean that the MI of a random vector
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Y can be seen as the opposite of the Shannon entropy H(-) of the copula density cy(-) of Y, or as
the Kullback-Leibler divergence between the copula density cy(-) of Y and the copula density cj(-)
of independence. Moreover, [(Y) = K (cY7cH) is nonnegative and achieves its minimum value zero
iff ey (u) = cpp(u), Yu € [0,1]™, namely, iff the components of the vector Y are independent. The
separating term will be chosen then to be

Jeen(B) i= T2Y(B) := K (e, cp) = E (log ey (Fy, (Y1), - -, Fy;,,(Yim))) - (11.23)

We have that the function B +— ﬂgg(B) is nonnegative and attains its minimum value zero iff B = A~}

(up to scale and permutation indeterminacies of rows).

The case of dependent source components

In the case where the source components are dependent, we assume that we have at hand some prior
information about the copula density of the random source vector S. Note that this is possible for
many practical problems, it can be done, see Section 11.3, from training sample S, by a model selection
procedure, see e.g. Chen and Fan (2006), among semiparametric copula density models {cy(-); § € © C
R4}, typically indexed by a multivariate parameter ; see e.g. Joe (1997) and Nelsen (2006) for many
examples of such models. The parameter 6 can be estimated using maximum semiparametric likelihood,
see e.g. Genest et al. (1995) and Tsukahara (2005). Denote then by 6, the obtained value of ¢ and c4(:)
the copula density modeling the dependency structure of the source components. Obviously, since the
source components are assumed to be dependent, 65(') should be different from the density copula of
independence cj(-). Hence, we naturally replace in (11.22), cry(-) by cz(-), and propose the following
separating criterion Jsep(-)

Jeep(B) = JIP(B) 1= /

Cy(’u,) o o Cy(Fyl(Yl),...,Fym(Ym))
o log ( > cy(u)du :=E (l 8- > , (11.24)

Cé‘(u) §(FY1(}/1)7"‘7FYm(Ym))

which equals K(cy,cz), the Kullback-Leibler divergence between the copula densities cy (-) and cj(-).

Moreover, one can show that the function B Js%;p(B) is nonnegative, and attains its minimum value
iff B = A~! (up to scale and permutation indeterminacies of rows), provided that the copula density
ca(+) of the random vector source S satisfies the following assumption : for any regular matrix M, if the
copula density of the random vector M S equals c;(-), then M = D P, for some diagonal matrix D and
permutation matrix P.

Remark 11.1. The above criterion (11.24) supposes the knowledge of the copula density model cy(-)
(with known parameter 0), or the availability of training sample of the random vector source S from
which we obtain the copula density c;(-) modeling the dependency structure of the source components,
as described in Subsection 11.4.2. When only the model is known (with unknown parameter), we can
adapt the above criterion as follows. Denote by {cy(-); 0 € ©} the density copula model of the dependency
structure of the source components. The criterion (11.2]) can be in this case replaced by

— in o CY(U) cv () du = in o CY(FY1(}/1)7"'7FYm(Ym))
Tsep(B) -—oeg/[o,”ml g(@(u)> v(w) du:= jnf B <1 & CQ(FYI(Yl),...,FYm(Ym)))

(11.25)

In the more general case, when both the model and the parameter are unknown, the criterion may be
adapted in a similar way as in our previous work Keziou et al. (2014) Section 5.3.

11.5 Discretization and Statistical estimation

In this Section, we describe how to make operational the above methodology. Precisely, using both
numerical and statistical techniques, we give hereafter the discrete versions of the regularization terms
(11.14) and (11.16), as well as statistical estimates of the separation terms (11.23) and (11.24). In all the
sequel, the continuous time signals are sampled with a certain period T.. We need to define additional
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notation. To each scalar signal, say u(t), t € [0, 7], one associate a vector U := (u(1),...,u(N))"T € X; :=
RY such that u(k) := u(kT,) for all k =1,..., N. The vector space Xy := R" will be equipped with the
Euclidian inner product (U, V) := Zévd u(k)v(k), for all U,V € X;. For any U € X, denote by U’ :=
(u/(1),...,u'(N))" € Xy, the vector obtained by numerical differentiation u’(k) := M, for all k =
1,...,N —1, and «/(N) = 0. Due to the discretization of the first derivatives, and in order to avoid the
edge effect, we define the backward derivative of any U € Xy, denoted U* := (u*(1),...,u*(N))", by
u*(1) == %, u*(N) = —“(NTie_l) and u*(k) := %“e(k_l) for all k = 2,..., N — 1. Here, the backward
derivatives (-)* is the discrete adjoint operator of —(-)’. That is, for all U,V € X, we have (U*,V) =
—(U,V’). All these definitions can be extended in a natural way to elements of the cartesian product
space X" := R™ x RY. In the sequel, elements of the vector space X; = RY will be denoted by double
capital symbols, while the elements of the vector space X" are denoted by bold double capital symbols,

which can be considered as m x N-matrices.

11.5.1 Denoising the discrete observed signal

In this Section, we show how to compute the denoised observations
X = (m(n) = (z1(n),...,xm(n)) ,n= 1,...,N)

from the observed noisy ones X := (i(n) = (@1(n),...,Tm(n)) ,n=1,..., N) . This will be obtained

by solving the discrete version

N N

(1 _ 1 .

zi(+) = arg min {N > 5 (wiln) = Ti(n)? + A5 D Iwé(n)!} vi=1,...,m, (11.26)
‘ n=1 n=1

of the optimization problem (11.14). We start with the following proposition which gives a simple
characterization of the solution; see Chambolle (2004) for a proof.

Proposition 11.1. (Chambolle (2004)). The discrete version (11.26) of the optimization problem (11.14)
has a unique solution given by

X=X- HAG X, (11.27)
where [ [, (+) is the Euclidian orthogonal projection operator on the convex set \G with
G :={V"* such that V € XJ" with |v;(n)| <1, V(i,n) € {1,...,m} x {1,...,N}}. (11.28)

Thus, to compute X, we are led to compute the projection operator [[,~(:) on the convex set AG. For
the denoising step, we propose then the Algorithm 1; the reader may refer to El Rhabi et al. (2013) for
more details, particularly, for a proof on convergence of this algorithm. In all the sequel, the filtered
observed signal X will be considered as the denoised version of the observed signal X.

Data: X the observed noised signal

Result: X the denoised signal

Initialization: ¢ = 0, X(©) = X. Given ¢ > 0, A > 0 and p > 0 suitably chosen
Do: g=q+1

forj=1,...,m

-1 1\«
X5 = [La(5 Y + 20005 )7 - X)
end
Until ||[X©@ — X(@D|| < ¢
X = X(@

Algorithm 1: The denoising step.
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11.5.2 BSS by minimizing TV-regularized KL-divergence between copulas
The case of independent source components

Recall that, when the source components are independent, the criterion function (11.15) is defined by
J"(): B T(B) i= T8N (B) + Jeeg(v), (11.29)

where JIM(B) is given by, see (11.23), J=d(B) := K (cy, c7) = E (log cy (Fy; (Y1), - - -, Fy,, (Ym))) and

T _ T . _ _
Treg(¥) =737 Jo ly@-FOIPdt+p g [y [Vy@)ldt, v >0, p> 0, with y(t) = Ba(t) and g = BZ(t).
Using the stochastic modeling (11.17) and the relation (11.23), we propose to approximate the criterion
(11.29) by

B J"(B) := J39(B) + Jrega(y), (11.30)

where N N
Frewa(y) = 55> Ily(@) =G>+ 5D IVy(0) (1L31)

=1 =1

is the discrete version of Jieg(y), and B — Jind(B) is the statistical estimate, of the separating criterion
B J4(B), which we define as follows

sep
— 1 X ~ ~
B Jid(B) i= > log (v (P (1), - Py, (ym(0)))) (11.32)
i=1
~ ~ 1 Nom By (y5(6) — By (y5(0)

here &y (F: N By (ym(i) = i i s the kernel
where ¢y (Fy, (y1(9)), - -, Fy,, (ym(9))) NHI"'Hmez%jllk( i, is the kerne
estimate of the copula density cy (-), and ﬁyj('), Vj =1,...,m, is the smooth estimate of the marginal

distribution function Fy;(-) of the random variable Y, defined for any real number r € R, by ﬁyj (r) :=

N
% YK (%j(@) , where K (-) is the primitive of a kernel k(-), a symmetric centered probability density.
(=1

An appropriate choice of the kernel k(-), for estimating the copula density, can be done according to
Omelka et al. (2009), which copes with the boundary effect. The bandwidth parameters Hi, ..., H,,
and hy, ..., h,, will be chosen according to Silverman’s rule of thumb, see e.g. Silverman (1986), i.e., for

. 4 ﬁ =1 =~ 4 % -1 __ ~ R
all j =1,...,m, we take H; = | —— Nm+i3;, and h; = ( - | N7 0j, where XJ; and o; are,
m 4+ 2 3
respectively, the empirical standard deviation of the data Fy, (y;(1)), ..., Fy,(y;(N)) and y;(1),...,y;(IN).
The source signal vector s(i),7 = 1,..., N, will be then estimated by s(i) = B x(i),i =1,...,N, where
B = arginfg Jd(B), which can be computed using a gradient descent type algorithm. We can then

derive the following Algorithm.

Data: T the observed signal

Result: s the estimated source signal

Initialization: Compute x == — [[,, T from Algorithm 1, BO = I, y© = BO) .
Given e > 0, v > 0.

Do: Update B and Y

djind(B)

Bt — gl _
"B

ylatd) = Blatl) g

Until ||[Bl4+D — B@|| < ¢
/s\ — y(Q+1)

Algorithm 2: BSS algorithm for independent source components.
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The case of dependent source components

Recall that, in the case where the source components are dependent, the criterion function (11.15) is
defined by

JEP(): B s JYP(B) = ‘782?(3) + Jres(Y), (11.33)
where J9°P(B) is defined by, see (11.24),

sy m)= [ oy (2289 ey v — 2 c;z(Fyl (0.0oo P O],

cp(u) (B, (Y1), By, (Yin))

and Jreg(y) := 7 57 fOT ly(t) —g@)|>dt +p 5 fOT |[Vy(t)|dt, v > 0, u > 0. Using the stochastic modeling
(11.17) and the relation (11.24), we propose to approximate the criterion (11.33) by

B JO(B) = TP(B) + Frewa(w). (11.:34)

where N
Teegay) 2]\,Zny TOIP + 5> IVy (i) (11.35)

=1

is the discrete version of Jreg(y), and %%%p(-) B — jsep (B) is the statistical estimate, of the criterion
9P () B JEP(B), which we define as follows

— N oo (F ) [ )
T B 7B) — LS 1 <CY<§yl<y<z>>,...,fym<ym<z>>>>‘ 1136
(): B Jeep'(B) Ng S\ G En W), - By, (ym(0) 30

The source signal vector s(i),i = 1,..., N, will be then estimated by s(i) = B x(i),i=1,..., N, where

B = arginfg J9¢P(B), which can be computed using a gradient descent type algorithm. We obtain
then the following Algorithm 3.

Data: T the observed signal

Result: s the estimated source signal

Initialization: Compute x = Z — [[,, T from Algorithm 1, B — I, y(o) =BO g
Given € > 0, v > 0.

Do: Update B andE\

djdep(B)

(¢+1) — glo) _
B B v B

ylath) = Blatl)g

Until || Bl+Y — B@|| < ¢
g — y(qu‘l)

Algorithm 3: BSS algorithm for dependent source components.

11.6 Conclusion and directions for future research

We have presented a new BSS approach in presence of noise, by minimizing a new regularized criterion.
The approach is able to separate instantaneous linear mixtures of both independent and dependent
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source components. It proceeds in two steps : a preprocessing which consists in reducing the noise,
and a second one minimizing a separation criterion based on Kullback-Leibler divergence between copula
densities regularized by total variation term. The accuracy and the consistency of the obtained algorithms
have been illustrated by simulation. It should be mentioned, however, that our proposed algorithms
based on copula densities, rather than the classical ones based on probability densities, are more time
consuming, since we estimate both copulas density of the vector and the marginal distribution function
of each component. Moreover, the number of mixtures/sources should be small, since the accuracy
estimation of the sources decreases when the number of mixtures/sources increases, caused by the curse of
dimensionality in nonparametric multivariate density estimation. The present approach can be extended
to deal with convolutive mixtures of independent/dependent sources. In the case of independent sources,
in order to cope with the problem of the curse of dimensionality (in nonparametric multivariate density
estimation used for estimating the separation criterion, namely, the mutual information), we propose
to develop the following idea for ICA. We propose to use, instead of the above estimate of the mutual
information based on kernel density estimation of densities or copula densities, a new estimate of the
separation criterion (a ¢-mutual information) using conjugate representation of the p-divergence between
the joint distribution of Y and the product distribution of the components of Y, in semiparametric ratio
models. We have then to solve many problems, identifiability of the problem, model selection for the
ratio, consistency of the estimates, the complexity of the corresponding algorithms and the extension of
the proposed method to the case of dependent sources.
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